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A b s t r a c t
High-energy astrophysics concerns itself with the origin of energetic particles 
and photons in the universe. Some astrophysical objects which have been 
identified as sources of energetic particles include the sun; flare stars; SNRs 
(supernova rem nants); pulsars and AGN (active galactic nuclei)
The search for an extraterrestrial source of radiation began in 1911 when the 
Austrian physicist Victor Hess initiated a series of balloon flights to determine 
the radiation intenstity variation as a function of height above the surface 
of the Earth. He showed th a t the intensity of naturally  occurring radiation 
increases w ith sufficient height, which can be explained by a decreased shield­
ing of an extraterrestrial source of radiation by the remaining column of air 
above the balloon. Millikan christened the observed high-energy particles 
Cosmic Rays (CRs) a t a later date.
It is now an established fact th a t cosmic rays do not constitute a local phe­
nomenon and th a t in fact the m ajority must originate from distant sources 
either in our own Galaxy or beyond.
The purpose of this thesis is to investigate particle acceleration a t the shock 
fronts associated w ith expanding SNRs. Most models of galactic CR ac­
celeration have focused on SNRs based on the to ta l energy input required. 
The phenomenon being investigated requires a knowledge of CRs themselves
-  their propagation and development through the atmosphere (scattering,
collisions resulting in fragmentation into their constituent parts); shock dy­
namics -  how a shock front is formed, jum p conditions for particles across 
a shock front; SNRs -  their formation and expansion characteristics; and 
also particle acceleration -  acceleration times, diffusive lengths, scattering 
mechanisms etc.
The Bell-Lucek hypothesis, which suggests th a t diffusive shock acceleration 
(DSA), the conventional process of particle acceleration in shocks, may also 
result in an amplification of the highly tangled magnetic field around the 
shock, is investigated using the “box” model. The equations in question 
were solved using a C programme th a t solves systems of equations using the 
R unge-K utta  method.
Chapter 1
Cosmic Rays
1.1 D i s c o v e r y  o f  C o s m i c  R a y s
The search for a  general background source of ionizing radiation began in 
the early 1900s, in an a ttem pt to explain the continuous and uncontrollable 
leakage of electrical charge from a well insulated gold leaf electroscope. In 
1900 Father Thom as Wulf took his electroscope to  the top of the Eifel Tower 
(~  300m asl), and noticed a 64% decrease in the leakage rate. If the source 
of ionization was the radioactive m aterial of the Earth, as was previously 
thought, there should have been a much more significant reduction in the 
ionization level due to absorption in the air. Wulf therefore concluded tha t 
the radiation from the ground, although decreasing gradually with altitude, 
was in com petition with some form of radiation coming from gases in the
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In 1911, the Austrian physicist Victor Hess initiated a series of balloon flights 
to determine the radiation intensity variation as a function of height above 
the surface of the Earth. He noted th a t, although the intensity of ioniz­
ing radiation decreased initially with altitude, at a height of ~  5,000 ft the 
radiation was more intense than  at sea level, and at the maximum height 
of ~  16,000 ft the intensity level had increased significantly. Hess hypoth­
esized th a t the radiation responsible for ionization was extra-terrestrial in 
origin and subsequently (1936) received the Nobel Prize for Physics for his 
discovery. This penetrating radiation was given the name cosmic radiation 
by Millikan in 1925.
1 .2  W h a t  a r e  C o s m i c  R a y s ?
The Earth is constantly being bombarded by high energy cosmic particles
-  ionized nuclei which are ~  90% protons, 9% alpha particles and other 
heavier nuclei. Most cosmic ray (CR) particles are relativistic and therefore 
ionize the media through which they pass at a ra te  at or near the minimum 
ionization (~  2 MeV g- 1 cm2). Perhaps one of the most striking properties of 
the cosmic radiation is its wide energy range 109  —101 9  eV, w ith a few CRs 
even having ultrarelativistic energies extending up to 102 0  eV. Observations 
have concluded th a t CRs consist almost exclusively of charged particles and
atm osphere.
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the fraction which consists of em radiation (e.g. 7 -rays in electron-photon 
cascades, decay products of 7r° mesons and other transients) is of such short 
wavelength th a t particle features dom inate over wavelike features.
1 . 3  W h e r e  d o  C o s m i c  R a y s  c o m e  f r o m ?
CRs are ubiquitous bu t their origins are surprisingly difficult to  understand. 
It is well established however, th a t CRs do not constitute a local phenomenon 
and th a t in fact the m ajority must originate from distant sources either in 
our own galaxy or beyond.
1.3 .1  G a la c tic  C o sm ic  R a y s
In general galactic CRs arrive a t the top of the atmosphere uniformly from 
all directions -  they are isotropically distributed to an accuracy of about 1  
p art in 104. This isotropy suggests th a t either the particles do not come from 
the one region or th a t they have been deflected so often in their travels th a t 
they have lost all sense of their original directions of travel.
Several factors control the pa th  of a CR -  its initial direction of travel; 
its mass, speed and electric charge; and how the magnetic field varies with 
distance from the Earth . Consequently, the direction of motion changes con­
tinuously as the CR approaches the Earth  and it follows a highly convoluted 
path.
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CRs incident on the E a rth ’s atmosphere have a spectrum  which is a power- 
law in energy given by
N (E ) d E  = n E ~ sdE, (1.1)
(for E <  1015 eV)
There is little  variation in the spectral index (s ~  2.7) for energies in the 
range ~  101 0  — 101 5  eV. At greater energies however, the spectrum  steepens 
so th a t N(E) oc E ~ 3  up to about 101 9  eV. At the highest energies (E> 1019 
eV) the CRs are believed to be ext.ragalactic in origin. At such high energies, 
these particles should not be significantly influenced by the magnetic field in 
our galaxy and they should propagate in a relatively straight line from source 
to observer. Their arrival directions seem to  be isotropically distributed but 
their origin has not yet been fully understood.
CR energy spectra near the Earth  have been shaped by a complex combina­
tion of injection, acceleration and propagation. These processes are them ­
selves modified by energy losses, collisions and possible leakage from the 
galaxy, and all depend on particle energies. It is now generally thought th a t 
the galactic CRs (with E <  101 9  eV) are accelerated a t strong shocks associ­
ated w ith supernova rem nant (SNR) blast waves in the interstellar medium 
(ISM). The idea of SNRs as the origin of CRs becomes more attractive when 
one considers th a t CRs below the “knee” in the spectrum  roughly mirror 
the composition of the sun and the interstellar medium, and also when one 
examines the energy budget of the CRs in the galaxy.
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Although the existence of the “knee” in the CR spectrum  has been known 
for over four decades, none of the many models proposed to  explain this 
feature has been broadly accepted. Some models focus on a possible crossover 
between different acceleration mechanisms below and above the “knee” (e.g. 
Lagage & Cesarsky 1983; Biermann 1993; Drury et al. 1994), or exploit the 
possibility of a change in the particle acceleration efficiency (Fichtel & Linsley 
1986; Jokipii & Morfill 1986; Kobayakawa et al. 2000). O ther hypothesis 
include the nuclear photodisintegration a t the sources (Karakula & Tkaczyk 
1993; Candia et al. 2 0 0 2  ) and leakage from the Galaxy due to a change in 
the confinement efficiency of CRs by galactic magnetic fields (e.g. Ptuskin 
et al. 1993).
From the shape of the energy spectrum , most of the CR particles are those 
w ith energies below 101 5  eV. The energy density of CRs with energies E 
>  101 9 eV is 1 eVm - 3  (Longair), only about 10- 6  of the to ta l energy density 
of CRs. The most straightforward interpretation of this da ta  is th a t the bulk 
of the CRs are of Galactic origin but the very highest energy particles, with 
E >  101 9 eV, may have an origin outside our Galaxy and probably within 
the local supercluster.
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Isotope Half-life (years)
10Be 
26 a i
3 6 C1 
5 3  Mn
1.6 xlO 6 
7.3 xlO 5 
3.0 xlO 5
3.7 xlO 6
Table 1.1: Radioactive isotopes created in spallation reactions and their half- 
lives.
1 . 4  T h e  10B e  C l o c k
Most nuclei assumed to be injected a t CR sources are stable (nonradioactive). 
The most common approach to dealing w ith the question of a confinement 
timescale for CRs uses the fact th a t some nuclei produced in interstellar 
spallation reactions are radioactive and so their abundances can be used to 
date the CRs observed near the Earth. The longest lived of these is shown 
in the table above. 10Be is especially interesting because of its use as a 
chronometer for CR travel in the galaxy.
Among the beryllium isotopes produced by the fragm entation of heavier nu­
clei, only 9Be is stable, but 10Be has a half-life of ~  1.6 million years -  
comparable to the travel time of CRs. Radioactive nuclei s ta rt to decay im­
m ediately after creation. The 10Be will undergo /5-decay into 10B so th a t the 
relative abundances of the isotopes of Be and B will show whether or not all 
the 10Be has decayed and therefore provide an estim ate of the mean age of 
the CRs detected on Earth.
In his book, Longair [52] gives a comprehensive treatm ent of the expected
abundance of 10Be for the “leaky box” model, where the Galaxy is classified 
as a volume from which there is an associated escape tim e re. He finds the 
steady state  ratio of radioactive to non-radioactive species for the special 
case of 10Be and 7Be isotopes:
N r  Be) (1/TeC Be)) +  ( 1 / r Be)) C('°Be)
N ( 7Be) ( l / r e(l°Be))  +  ( l/r ,( '» i3 e ))  +  (l/T ,m,(‘«Be)) C (7Be)  ’  ^ ' 1
where r e=  escape time; T spai =  timescale over which isotope is destroyed by 
inelastic collisions; Tr=  characteristic lifetime of isotope; C =  production rate 
of the isotope. By assuming th a t the timescale for the destruction of the 
beryllium isotopes is greater than  their escape times, the above relation may 
be simplified to obtain
jV T g e) (1 M B e ) )  C (10Be)
N( 7Be) ( ] / re(,0Be)) \ (l/Tr )(lbRt)) C(7Be) '
Several estim ates of the ratio of beryllium isotopes in CRs have been made 
and they all correspond to an escape tim e of approximately 1 0 7 years ( 1 0  
million years) and an interstellar gas density of ~  2 — 3 x 105  m~3. Astro- 
physically, the above treatm ent is a simplified picture of w hat is happening 
in our Solar system so th a t all the 10Be clock can tell us is th a t the typical 
tim e it takes a high energy particle to travel from its source to the E arth  is 
rvj 1 0 7  years.
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1 . 5  T h e  C o s m i c  R a y  E n e r g y  B u d g e t
There are two aspects to the question of CR acceleration -  (i) what is the 
source of power for the accelerator; (ii) what is the actual acceleration mech­
anism. The measured flux of CRs show th a t the local CR energy density 
near the sun is pE ~  leV /cm 3. Assuming this to be a typical value for the 
galaxy, and with a galactic disk volume of 106 7 cm3, the to tal CR content 
is ~  1067eV ~  1.6 x 105 5 ergs. If a typical CR spends ~  10 million years 
(3 x 101 4  sec) in the galaxy before escaping into intergalactic space, the rate 
a t which energy is lost corresponds to
L c r  ~  V D p E / T R  ~  5 x 104 0  erg/sec. (1.4)
where Vp =  volume of galactic disk; pE — CR energy density; rR =  CR 
residence time.
If the galactic CR energy is to be m aintained a t a steady value, this loss 
m ust be compensated by injection and acceleration of new CRs. If we take a 
ra te  of one SN every 30 years (9.47 x 108 sec) and a kinetic energy yield per 
event of ~  105 1  ergs, then the average available power in SNRs is roughly 
104 2  ergs/sec. Although a rough estim ate, this am ount of energy is certainly 
sufficient to  power CRs.
Identifying SNRs as likely powerhouses for CRs, and focusing on the to tal 
energy input required still leaves one m ajor question unanswered -  how is
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such a large fraction of this energy directed into CRs? Before examining the 
injection and acceleration mechanisms of SNR shocks, I will first review the 
idea of CRs as a source of gamma-rays.
1.6  C o s m i c  R a y s  A s  A  S o u r c e  o f  G a m m a -  
R a y s
Ever since their discovery a t the tu rn  of the last century, the quest for the ori­
gin of CRs was on. Being charged particles, CRs are scattered and isotropized 
by the galactic magnetic field and therefore follow erratic paths, making their 
origins diffucult to detect. If a neutral radiation like gam m a-rays is asso­
ciated w ith the presence of energetic particles in a source, they travel in 
straight lines and their sources can be identified.
Schlovsky pointed out in the early 1950s th a t the  high degree of optical po­
larization from the Crab Nebula (a supernova rem nant in the constellation 
Taurus due to a supernova explosion in 1054 AD), could be accounted for by 
a synchrotron process requiring the presence of very high energy (>  101 2 eV) 
electrons gyrating around magnetic fields (~  10“ 4 G) in the filaments of the 
nebula. In 1960, Cocconi [18] suggested th a t since electrons of such high 
energy cannot arise from nuclear decay processes, a mechanism of accelera­
tion of particles to  high energies must be operating in the nebula. If such 
a mechanism was present, there was no reason why protons could not be
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accelerated to high energies too. The presence of such high energy protons 
meant th a t charged and neutral pions could be created in collisions with 
the nebular m atter. The decay of such high energy neutral pions results in 
the production of high energy (hundreds of GeV) gam m a-rays. Therefore, 
detection of high energy gamma-rays leads to the discovery of CR sources.
SNRs (supernova rem nants) have long been invoked as a principal source of 
galactic CRs, created via the process of diffusive Fermi acceleration at their 
expanding shock fronts (e.g. Drury 1983; Lagage & Cesarsky 1983). The best 
way to  test this hypothesis is to search for the gam m a-ray signal produced 
by the interaction of the CR population with the rem nant enviornment. In 
the case of hadrons, this signal is produced by pions from nuclear collisions; 
in the case of leptons, by Brem sstrahlung or inverse Compton scattering of 
the cosmic microwave background radiation (CMBR). Such a signal should 
indicate th a t the nuclear component of CRs in SNRs is much younger than 
th a t in the ISM (interstellar medium) or, failing this, th a t it is much more 
intensive in SNRs than  in the ISM.
The concept of gam m a-ray emission was explored by Drury, Aharonian & 
Volk (1994). In their model, the gam m a-ray luminosity is spawned by col­
lisions between the CRs and nuclei from the ambient SNR enviornment. 
Models of Mastichiadis and de Jager (1996), Gaisser, Protheroe and Stanev 
(1997), and Sturner et al. (1997) suggest th a t ee (electron-electron) and ep 
(electron-proton) Brem sstrahlung and inverse Compton scattering involving
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shock-accelerated electrons interacting w ith the CMBR and also IR /optical 
emission from dust/starligh t form added components.
Just as Galactic radio emission outlines the distribution of high energy elec­
trons in magnetic fields in the Galaxy, so the distribution of gam m a-radiation 
can provide inform ation about high energy protons and the overall distribu­
tion of the interstellar gas.
Collisions between high energy particles and protons and nuclei of atoms and 
molecules of the interstellar gas produce pions of all charges 7r+, 7t~, 7r°. The 
positive and negative pions decay into positive and negative muons which, in 
tu rn  decay into positrons and electrons with relativistic energies. The la tter 
may make a contribution to  the low energy electron spectrum. The neutral 
pions decay alm ost instantly into two 7 -rays. In proton-proton collisions, the 
cross-section for the production of a pair of high energy 7 -rays is roughly 
the geometric proton size, cr7  ~  10_ 3 °m2. The characteristic signature of 
the spectrum  of 7 -rays produced in this process, is th a t they have a broad 
maximum at about 70 MeV. To produce TeV gam m a-rays through hadronic 
processes, protons will have to be accelerated to at least 10 TeV. This is also 
the energy th a t electrons require to  produce TeV gam m a-rays by inverse 
Compton scattering of the CMBR.
In his book, Gaisser [30] develops an expression for the ratio  of Bremsstrahlung
11
Elements Cosmic Rays Sun
H 1 1
He 0 . 1 0 . 0 1
Z>2 0.03 -0 .001
Electrons <  lO" 2 1
Table 1.2: Relative abundances o f  elements 
photons to  7r° photons for power law spectra at high energies (E7 70 MeV):
=  r 1 a  ( 1 +  _  I ^ i r A i  ( 1 5 )
7T0 ^ 7  [N AX 0a™lil2ZN_ + y a  +  l  a - 1 a
This is~ [0 .8 5 ][2 7 x (0 .6 )][& ]
whereX0= rad iation  length; <J™el=cross section for pro ton-proton inelastic 
collisions; a= sp ec tra l index; (^>e=spectrum  of electrons; 0 ^= spectrum  of nu­
cleons.
The first term  on the right represents the ratio of interaction lengths for 
the two processes, which is about one. The second factor is the ratio of the 
spectrum  weighted moments of the inclusive cross-sections. The th ird  term  
is the ratio  of the electron and CR nucleon spectrum.
An exam ination of the table above, of the relativistic abundances of various 
elements, reveals th a t there are practically no electrons in the CRs. Since 
electrons should also be produced in the processes which give rise to the 
protons, their absence m ust somehow be explained. The relativistic electrons 
which we can expect to  be produced along w ith other particles th a t are
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actually observed in CRs are responsible for the radio frequency emissions 
observed in radio astronomy. The electrons lose their energy by magnetic 
Brem sstrahlung while getting accelerated by the interstellar magnetic fields.
1.6.1 E x te n s iv e  A ir  S h o w ers
The discovery of air showers is generally attribu ted  to  Pierre Auger (1938) 
who, along with his colleagues in France, was studying coincidences in a 
CR telescope. They noted th a t they were recording coincidences between 
counters seperated horizontally by distances of up to 75 meters. As early as 
1934 however, Bruno Rossi had noticed coincidences between several counters 
placed in a horizontal plane, far in excess of chance coincidences. Before going 
into further details, let us first examine the cascade process which leads to 
such particle showers.
W hen a prim ary CR proton or nucleus enters the E a rth ’s atmosphere, it 
interacts strongly with a nucleus in the air (e.g. Nitrogen, Oxygen). In 
such high energy collisions, p art of the prim ary particle energy is lost in 
the production of secondary particles (mesons, baryons, hyperons etc.). The 
energy lost by the prim ary nuclei is shared by the secondaries and the number 
of secondaries slowly increases w ith the energy of the interaction.
The m ajority of particles produced in the first interaction are pions. These 
particles interact even further in the air as they travel down and produce 
even more particles bu t of lower energy. These particles in tu rn  interact or
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decay further down in the atmosphere and this “nuclear cascade” propagates 
downwards.
Some of the particles produced in the cascade are neutral pions, which decay 
almost immediately into two 7 -rays by the following reaction:
7 T °  — >• 7 +  7. (1.6)
The gamma-rays initiate electromagnetic cascades. The products of these 
cascades are photons, electrons and positrons, and they constitute the elec­
tromagnetic component of air showers. The charged mesons give rise to
muons (fj, mesons) when they decay:
7ft —>■ f i t  + V (1.7)
K t  —>■ f i t  +  V —> 7rl +  7T° (1.8)
The neutrinos formed above only have weak interactions and therefore man­
age to escape, carrying a significant fraction of the primary energy. The 
surviving hadrons, all strongly interacting particles such as pions, kaons, 
hyperons etc., form the hadronic component of the shower.
As the shower propagates down through the atmosphere, the hadron and 
electromagnetic components increase in size, reach a maximum and then de­
crease. The muon component however does not suffer significant attenuation 
after reaching maximum, therefore muons only lose energy by ionization and
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a small fraction of them are lost by decay. This complex nuclear electromag­
netic cascade is called an Extensive Air Shower (EAS).
Properties of air showers are generally studied as a function of shower size. 
Thus, the first task in the analysis of air shower data is to determine the 
shower size. Traditionally this is done by fitting the observed particle den­
sities in various detectors to an assumed lateral distribution function in the 
shower plane. The shower plane, which is perpendicular to the direction of 
the primary particle, also called the shower axis, is determined from the rel­
ative arrival times of the particles recorded in various detectors. The shower 
axis is characterized by the zenith and azimuth angles in the local coordinate 
system.
Many air shower arrays employing the above technique have been constructed 
worldwide e.g. SPASE (South Pole Air Shower Experiment) operational since 
1987 and the Tibetan Air Shower Array at an altitude of 4300 m and in 
operation since 1990.
The array of four (Phase I) IACTs (Imaging Atmospheric Cerenkov Tele­
scopes) of the HESS project detects the Cerenkov light emitted by particles 
travelling through the atmosphere. Cerenkov light is emitted by a charged 
particle travelling in a dielectric medium with velocity greater than the speed 
of light in the medium. The light is emitted at an angle 6 with respect to
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th e  d irection  o f m o tio n  o f th e p artic le  g iven  by:
(1.9)
where ¡3  =  j f ;  v =  particle velocity; c =  light velocity; n =  refractive index 
of medium. Only particles with /? >  ^ can emit Cerenkov light, thus setting 
a threshold energy. The light is emitted along the surface of a cone of half 
angle 9 around the direction of the particle.
The Cerenkov technique differs fundamentally from other EAS techniques 
on a variety of counts. Firstly, because it is the atmosphere itself which 
is the detecting medium, the detector has ill-defined boundaries but vast 
dimensions. Secondly, since by nature Cerenkov radiation is directional in 
character, it is possible to achieve high angular resolution with equipment 
having quite simple optics. Thirdly, as a direct result of the first point, and 
because of the large area of the “light pool” illuminating the ground, the 
effective area of the detector is many orders of magnitude larger than the 
physical area of the instrument, resulting in a great reduction in cost relative 
to conventional arrays for the same counting rate for showers of comparable 
energy. Finally, the most distinguishing feature of the Cerenkov technique 
is that whereas all other EAS equipments yield information mainly about 
the lateral distributions of particle energies and densitites, and then only for 
the particular atmospheric level at which the array is situated, the Cerenkov 
technique yields information on the history of showers in depth.
cos 9 =
/3n’
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High energy 7 -rays entering the Earth’s atmosphere develop pure electron- 
photon cascades, the features of which differ some-what from the more famil­
iar nucleon-induced showers. The 7 -induced EAS contain a much smaller 
fraction of muons and nuclear active particles and also develop more rapidly 
so that, for a given primary energy E0, the region of maximum development 
occurs at a greater altitude.
The potential of the Cerenkov technique in the field of 7 -ray astronomy 
lies essentially in the high counting rate of relatively low energy showers in 
a restricted field of view with installations operated on the ground. The 
advantages of the Cerenkov technique in the search for point sources were 
appreciated early on (e.g. Galbraith & Shelley 1955) while the application 
of the technique to the detection of 7 -ray induced EAS was first suggested 
by Zatsepin & Chudakov (1961) and was also discussed by Jelley & Porter 
(1963).
Since the mean life of a charged-particle CR stored in a galactic magnetic 
field is long compared to the time for a 7 -ray to traverse a comparable linear 
distance, it follows that even if 7 -rays are produced at the same rate as 
normal CR, their apparent flux 0(7 ) at the Earth is expected to be smaller 
than the nucleon flux </>(iV). This low value for the 7 -ray flux compared 
to the charged-particle primary fiux presents a problem with the Cerenkov 
technique, in that with photomultiplier systems it is difficult to distinguish 
between EAS induced by 7 -rays and charged particles. This problem can
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be overcome using the angular spread method/Cerenkov imaging technique, 
developed by the Whipple group.
The Whipple collaboration constructed a 10 m diameter reflector at the focal 
plane of which a camera head was mounted. The camera head consists of 91 
pixels of 0.25° (2.5 cm diameter phototubes) surrounded by an outer ring of 
18 pixels of 0.5° (5 cm diameter phototubes) arranged hexagonally, giving a 
full field of view of 3.75° diameter. The effective energy threshold is ~  0.3 
TeV and the collection area for 7 -ray showers is ~  3 x 104 m2.
In gamma-ray showers, the angular spread of Cerenkov photons is solely 
due to the Cerenkov emission angle and the multiple Coulomb scattering of 
electrons that emit the light. In the case of proton showers, the opening 
angles of the 7r° mesons, due to the transverse momentum they acquire at 
production in nuclear interactions, also contribute to the spread. Therefore 
the angular spread of the photons, and hence the size of the Cerenkov image 
in angular space, is larger for proton showers than for 7 -ray showers. This 
effect also leads to flatter lateral distribution of Cerenkov light in 7 -ray 
showers compared to proton showers, with a characteristic hump ~140m  
from the core. This hump is absent in proton showers.
The compact angular size of Cerenkov images due to 7 -ray showers from a 
point source, coupled with the elliptical shape of the images, with the major 
axis pointing towards the center which is the direction of the source, give a 
single parameter “azwidth”. This is the width of the image perpendicular
18
to the radial axis through the image centroid. By making a suitable cut on 
this parameter, on the basis of Monte Carlo simulations, the Whipple group 
showed that 7 -ray showers could be selected with at least 50% efficiency, 
while rejecting 97% of the background CR showers.
The predicted flux of TeV gamma-rays produced by the hadronic component 
of CRs from the number of nearby SNR lies near the sensitivity limit of 
present day ICTs. However, the only detections reported to date are of 
objects where energetic leptons are equally plausible as radiating particles. 
Those objects in which hadrons are expected to dominate have not yet shown 
emission at the level hoped for. However, the arguments in favour of the 
origin of (hadronic) CRs in SNR, principally the energy budget, remains 
convincing and it is hoped that such emission will be observed with the new 
generation of telescopes.
Next I will examine the basic concepts involved in the formation and expan­
sion of SNRs.
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Figure 1.1: The Cosmic Ray energy spectrum below and above the “knee”
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Figure 1.2: EGRET All-Sky Gamma Ray Survey Above 100 MeV
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Chapter 2 
The Evolution of a Supernova 
Remnant
2 . 1  I n t r o d u c t i o n
There are two main categories of supernova. Type I supernovae are somewhat 
more abundant and have greater luminosities than those of Type II and their 
brightness diminishes more quickly. Their properties are remarkably uniform, 
with essentially identical light curves and intrinsic luminosities. Type II 
supernovae exhibit a much more diverse range of properties.
Type I supernovae are thought to occur in the late stages of evolution of 
a binary system, where two stars move in orbit around each other. One of 
the stars is a white dwarf which accretes matter from its binary companion.
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Once the mass of accreted matter exceeds the theoretical limit for the mass 
of a white dwarf, the Chandrasekhar limit, at close to 1.4 Solar masses, the 
star collapses, liberating ~  1 0 53 ergs, as a neutron star with a mass of ~  1 M0  
is formed. The fact that the progenitor stars are all of the same type and 
mass accounts for the observed uniformity of their properties.
In contrast, Type II supernovae represent the final stages in the evolution 
of stars appreciably more massive than the sun (M > 8 M0). The energy 
release associated with a supernova explosion is typically of the order Esn ~  
1053 erg. Approximately 99% of this energy is radiated away in the form of 
neutrinos. The remaining 1% of the energy (Esnr — 1051 erg) is contained in 
the ejected material which ultimately drives a shock wave in the surrounding 
medium. This results in an expanding shell containing hot shocked (swept- 
up) material which bounds the supernova remnant (SNR). The evolution 
of a SNR can roughly be divided into four stages (Woltjer 1972): the free 
expansion stage, the Sedov-Taylor stage, the pressure-driven snowplow stage 
and the momentum conserving stage. I will discuss each of these stages in 
this chapter.
2 . 2  T h e  f r e e l y  e x p a n d i n g  s t a g e
In the free expansion stage, the SNR consists mostly of the freely expand­
ing (stellar) ejecta bounded by a strong shock. The total mass of the SNR
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roughly equals the mass of the (stellar) ejecta Mej and almost all the me­
chanical energy Esm has been converted into kinetic energy at the start of 
this stage. Therefore the expansion velocity of a SNR during this stage is 
approximately constant:
ysnr ~  y '2 £ snr/M ej -  1 0  0 0 0  km/s. (2 .1 )
A SNR will be significantly decelerated when the swept-up material roughly 
equals the total ejected mass during the supernova explosion event- a tran­
sition will take place to the Sedov-Taylor stage.
2.2 .1  T h e  S ed o v -T a y lo r  s ta g e
The transition from the free expansion stage to the Sedov-Taylor stage takes 
place after a few ~  100 years, when the total swept-up mass from the ISM 
exceeds the ejected mass during the supernova explosion event. McKee & 
Truelove (1995) give a typical timescale for this transition time:
iST ^  209 E^1/2 no l f 3 Yr- (2 -2)
Here E5i is the total mechanical energy of the SNR in units of 105L erg, Mej 
is the ejecta mass and no is the ambient hydrogen number density assuming 
the typical interstellar composition of 10 H: 1 He (n0 =  po/2.34 x 10- 2 4g). 
At the end of the free expansion stage a reverse shock is driven deep into
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Radius  (in p a r s ec )
F  ig u r e  2 .1 :  The velocity profile of a young supernova remnant (500 years old). The 
parameters which have been taken for this example are a total mechanical energy 
E q  =  1 0 5 1  erg, the ejecta mass M e j  =  1  M q  and a uniform density p o  =  1 0  2 4  
g/cn?. The corresponding transition time for these parameters equals t s T  — 2 7 7  
years, which means that the considered supernova remnant is in the transition 
region from freely expanding to the Sedov-Taylor stage. Therefore there is besides 
the forward shock also a reverse shock in the supernova remnant.
t h e  i n t e r i o r  o f  t h e  S N R  ( M e  K e e  1 9 7 4 )  w h ic h  w i l l  ( s h o c k - ) h e a t  t h e  f r e e ly  
e x p a n d i n g  e je c t a  (s e e  a ls o  F i g u r e  2 . 1 ) .
D u r i n g  t h e  S e d o v - T a y l o r  s ta g e  t h e  S N R  is  b o u n d e d  b y  a  s t r o n g  s h o c k  a n d  
r a d i a t i v e  lo s s e s  a r e  n e g l ib le ,  t h e r e f o r e  t h e  t o t a l  m e c h a n ic a l  e n e r g y  o f  t h e  
r e m n a n t  is  c o n s t a n t ,  i . e .  Esnr =  E0. T h e  S N R  e x p a n s io n  l a w  d u r in g  t h is
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s ta g e  c a n  b e  d e r iv e d  u s in g  a n  e n e r g y  a r g u m e n t .  T h e  m a s s  o f  t h e  S N R  is
M(t) =  ^ P o < r  ( 2 . 3 )
H e r e  o n e  a s s u m e s  a  u n i f o r m  d e n s i t y ,  i . e .  po =  c o n s t a n t .  T h e  t o t a l  e n e r g y  c a n  
b e  e x p r e s s e d  a s  t h e  s u m  o f  t h e  k i n e t i c  a n d  t h e r m a l  e n e r g ie s ,  w h ic h  y ie ld s :
B,„  =  E„ =  \M u 2 +  ( 2 . 4 )
w h e r e  7  is  t h e  s p e c i f ic  h e a t  r a t i o  o f  t h e  g a s . T h e  v a lu e  f o r  u, t h e  v e lo c i t y
b e h i n d  t h e  b la s t w a v e ,  a n d  Psnn t h e  p r e s s u r e  b e h in d  t h e  b la s t  wave, fo l lo w s
f r o m  t h e  R a n k i n e - H u g o n i o t  j u m p  c o n d i t io n s  in  t h e  l i m i t  o f  a  s t r o n g  s h o c k ,  
w h ic h  y ie ld s :
2  d iig n r , .
” = 7 n ^ i T ’  ( 2 ' 5 )
a n d
2
o  _  2
* s n r  —  . 1 Po
nr
)  . ( 2 .6 )
7  +  r  u V  d £
S u b s t i t u t i n g  e q u a t io n s  ( 2 . 5 )  a n d  ( 2 . 6 )  i n t o  e q u a t io n  ( 2 . 4 )  y ie ld s :
w h e r e
( T - l ) ( 7 + l ) 2 ' i 2 ' 8 )
F i n a l l y ,  u s in g  e q u a t io n s  ( 2 . 3 )  a n d  ( 2 . 7 ) ,  o n e  c a n  d e r iv e  a n  e q u a t i o n  w h ic h
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Time (in 10’ yeors)
F i g u r e  2 .2 :  The radius of the forward shock of a  supernova remnant. The param­
eters have been chosen such that the total mechanical energy Eq =  1 0 51 erg, the 
mass of the ejecta Mej  =  3 Mq and the ambient hydrogen number density per cm3 
n o  =  1 .0 . For such a s u p e r n o v a  remnant the transition time ts t  — 5 2 2  years and 
tpDS =  2 9  0 0 0  years.
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yields an approxim ation  for the  radius of a SN R in the  Sedov-Taylor stage:
I n  t h e  c a s e  o f  a  S N R ,  t h e  s p e c i f ic  h e a t  r a t i o  o f  t h e  g a s  is  u s u a l l y  t a k e n  t o  
b e  7  =  5 / 3 ,  w h ic h  y ie ld s  £o —  I  -0 1 . O n e  c a n  o b t a i n  a  f u l l  s o lu t i o n  f o r  t h e  
S e d o v - T a y l o r  e x p a n s io n  s ta g e  b y  s o lv in g  t h e  e q u a t io n s  o f  g a s  d y n a m ic s .  T h i s  
y ie ld s  t h e  s a m e  e q u a t i o n  f o r  t h e  r a d iu s  o f  a  S N R  a s  in  t h e  a p p r o x i m a t i o n  
b u t  w i t h  a  d i f f e r e n t  c o e f f ic ie n t ,  i .e .  £o ~  1 .1 5 .
2.2 .2  T h e S now plow  stage
T h e  s n o w p lo w  s t a g e  s t a r t s  w h e n  a  s ig n i f i c a n t  f r a c t i o n  o f  t h e  m e c h a n ic a l  e n ­
e r g y  o f  t h e  S N R  h a s  b e e n  r a d i a t e d  a w a y .  T h i s  t r a n s i t i o n  o c c u r s  r o u g h l y  
w h e n  t h e  t e m p e r a t u r e  o f  t h e  s h e l l  o f  t h e  r e m n a n t  d r o p s  b e lo w  T  ~  1 0 fi 
K e l v i n .  B l o n d i n  e t  a l .  ( 1 9 9 8 )  g iv e  a  t y p i c a l  t i in e s c a le  f o r  t h e  s t a r t  o f  t h is  
s ta g e  o f  t h e  S N R  e v o l u t io n ,  i .e . :
( 2 . 9 )
w h e r e
( 2 . 1 0 )
ÎP D S  =  2 .9  x  1 0 4 E ^ n nQ 9 /1 7  y r . ( 2 . 1 1 )
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H e r e  t h e  s a m e  n o t a t i o n  is  u s e d  a s  f o r  e q u a t i o n  ( 2 . 1 )  o f  t h is  c h a p t e r .  F o l lo w in g  
C io f f i  e t  a l .  ( 1 9 8 8 ) ,  o n e  c a n  w r i t e  t h e  r a d i u s  o f  t h e  S N R  in  t h e  s n o w p lo w  
s ta g e  a s :
/ 4  t l \ 3 , / l0
RsnT(t) =  f l p D s f  -   ------------------------------ - J  • ( 2 . 1 2 )
H e r e  w e  h a v e  t a k e n  t h e  r a d iu s  o f  t h e  S N R  a t  t h e  t r a n s i t i o n  t i m e  in  t h e  
e q u a t i o n  f o r  t h e  S e d o v - T a y l o r  e x p a n s io n  s ta g e :
t f p o s  =  1 -1 5  ‘ i J S s  =  1 8  e T  n 0- 7 /1 7  p c  . ( 2 . 1 3 )
A t  t h e  e n d  o f  t h e  r e m n a n t ’s l i f e ,  t h e  e x p a n s io n  s p e e d  b e c o m e s  s i m i l a r  t o  t h e  
lo c a l  s o u n d  s p e e d .  D u r i n g  t h is  s t a g e  t h e  S N R  w i l l  m e r g e  w i t h  t h e  I S M .
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C h a p t e r  3
A c c e l e r a t i o n  o f  C o s m i c  R a y s
3.1 Introduction
T h e  q u e s t io n  o f  h o w ,  w h e r e  a n d  w h e n  C R s  a r e  a c c e le r a t e d  is  m o s t  i m p o r t a n t  
f o r  g a la c t i c ,  s o la r  a n d  a n o m a lo u s  C R s .  W e  s h o u ld  n o t e  a t  t h is  s ta g e  t h a t  
o n l y  c h a r g e d  p a r t i c l e s  c a n  b e  a c c e le r a t e d .  T h u s ,  e .g .  e n e r g e t ic  s o la r  n e u t r o n s  
s o m e t im e s  d e t e c t e d  d u r i n g  s o la r  f la r e s  a r e  s e c o n d a r ie s .
W h e n  w e  c o n s id e r  t h e  e n e r g y  d i s t r i b u t i o n  o f  C R s ,  a s  w e l l  a s  t h e i r  c o m ­
p o s i t i o n ,  r a t e  o f  p r o d u c t i o n  a n d  o t h e r  d e t a i l s ,  t h e  t a s k  o f  m o d e l l i n g  t h e i r  
p r o d u c t i o n  a n d  p r o p a g a t i o n  b e c o m e s  v e r y  s o p h is t ic a t e d .  T h e r e  is  n o w  b r o a d  
c o n s e n s u s  t h a t  g a la c t i c  C R s  a r e  a c c e le r a t e d  f r o m  t h e  I S M  a t  S N R  b la s t  w a v e s  
b y  t h e  d i f f u s iv e  s h o c k  a c c e le r a t io n  ( D S A )  p r o c e s s . B e y o n d  t h is  s im p le  s t a t e ­
m e n t  h o w e v e r ,  s ig n i f i c a n t  d i f f e r e n c e s  o f  o p i n io n  q u i c k l y  s u r f a c e  o n  a lm o s t
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every detail and these have yet to be overcome.
3.2 Fermi Acceleration and the DSA Theory
I n  o r d e r  t o  e x p l a in  t h e  o r i g i n  o f  C R s ,  E n r i c o  F e r m i  ( 1 9 4 9 )  s u g g e s te d  a n  
e f f e c t iv e  m e c h a n is m  o f  p a r t i c l e  a c c e le r a t io n .  H e  e x p l o i t e d  t h e  i d e a  o f  m o v in g  
m a g n e t ic  c lo u d s  i n  t h e  I S M .  T h e s e  c lo u d s  h a v e  a  d e n s i t y  ~  1 0 - 1 0 0  t im e s  
h ig h e r  t h a n  t h e  a v e r a g e  I S M  d e n s i t y  a n d  c a r r y  a  “ f r o z e n - in ” m a g n e t ic  f ie ld .  
T h e  F e r m i  a c c e le r a t io n  m e c h a n is m  is  p a r t i c u l a r l y  a t t r a c t i v e  a s  i t  p r o d u c e s  
a  s p e c t r u m  o f  C R s  c lo s e  t o  w h a t  is  o b s e r v e d .  T h e  m o s t  s t r a ig h t f o r w a r d  
p h y s ic a l  r e a l i s a t i o n  o f  r e g u l a r  F e r m i  a c c e le r a t io n  is  D S A .  T h i s  a c c e le r a t io n  
m e c h a n is m  o c c u r s  w h e n  c h a r g e d  p a r t i c le s  a r e  s c a t t e r e d  r e p e a t e d l y  a c ro s s  a  
s t r o n g  s h o c k  p r o p a g a t i n g  i n  a  m a g n e t is e d  p l a s m a .  I n  t h e  f o l lo w in g  s e c t io n s  
I  w i l l  o u t l i n e  t h e  b a s ic  p r in c ip le s  o f  f i r s t  a n d  s e c o n d  o r d e r  F e r m i  a c c e le r a t io n  
a n d  t h e i r  a p p l i c a t i o n  t o  t h e  D S A  p r o c e s s  a t  S N R  s h o c k s .
3.2.1 First and Second order Fermi Acceleration
T h e  f a c t  t h a t  g a la c t i c  C R s  a r e  u n d e r g o in g  a  r a n d o m  w a l k  i m m e d i a t e l y  i m ­
p l ie s  t h a t  s o m e t h in g  is  s c a t t e r i n g  t h e m .  O r d i n a r y  c o l l is io n s  b e t w e e n  C R s  
a n d  io n s  i n  t h e  i n t e r s t e l l a r  g a s  a r e  t o t a l l y  in e f f e c t iv e  in  s c a t t e r i n g  t h e  C R s .  
I t  is  b e l i e v e d  t h a t  t h e  s c a t t e r i n g  m e c h a n is m  r e s p o n s ib le  f o r  t h e i r  r a n d o m  
w a l k  is  p r o v id e d  b y  t h e  i r r e g u l a r i t i e s  i n  t h e  g a la c t i c  m a g n e t ic  f ie ld .  T h i s  is  a
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F i g u r e  3 .1 :  Sketch of a collision of a  charged particle with a moving magnetic 
cloud
c o l l e c t iv e  p r o c e s s  in  t h e  s e n s e  t h a t  t h e  C R s  a r e  n o t  s c a t t e r e d  b y  t h e  e m - f i e ld  
o f  a  s in g le  p a r t i c l e  in  t h e  I S M ,  b u t  b y  a  w a v e  s u p p o r t e d  b y  t h e  p la s m a  as  a  
w h o le .
A  C R  e n t e r s  a  c lo u d  a n d  s c a t t e r s  o f f  i r r e g u l a r i t i e s  in  t h e  m a g n e t ic  f ie ld  w h ic h  
is  t i e d  t o  t h e  c lo u d  b e c a u s e  i t  is  p a r t l y  io n iz e d .  I n  t h e  f r a m e  o f  t h e  c lo u d ,  
t h e r e  is  n o  e n e r g y  c h a n g e  b e c a u s e  t h e  s c a t t e r i n g  is  c o l l is io n le s s  a n d  t h e r e  is  
e la s t i c  s c a t t e r i n g  b e t w e e n  t h e  C R  a n d  t h e  c lo u d .
C o n s id e r  a  f a s t  m o v in g  p a r t i c l e  w i t h  e n e r g y  E\ a n d  m o m e n t u m  p\ e n t e r in g  
a  c lo u d  a t  a n  a n g le  0X t o  t h e  c lo u d ’s d i r e c t io n .  (S e e  F i g  3 . 1 ) .  A s s u m in g  t h e  
p a r t i c l e  t o  b e  r e l a t i v i s t i c  (E  ~  pc) w e  g e t :
E[ =  7 # a ( l  — /? c o s 6> i) ( 3 . 1 )
w h e r e  p  =  V / c  a n d  7 = 1 / a / ( 1  — (32) a r e  t h e  a n d  L o r e n t z  f a c t o r s  o f  t h e
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c lo u d  r e s p e c t iv e ly ,  a n d  t h e  p r im e s  d e n o t e  q u a n t i t i e s  m e a s u r e d  i n  t h e  c lo u d  
r e s t  f r a m e .  A f t e r  s c a t t e r i n g  in s id e  t h e  c lo u d ,  t h e  p a r t i c l e  e m e r g e s  w i t h  a n  
e n e r g y  E2 a n d  m o m e n t u m  p2 a t  a n  a n g le  02 t o  t h e  c lo u d ’s d i r e c t io n .  G o in g -  
b a c k  t o  t h e  l a b o r a t o r y  f r a m e ,  w e  o b t a i n :
E2 =  7 ^ 2  (1  +  P c o s  ^ 2 )  ( 3 - 2 )
O u r  a s s u m p t io n  t h a t  t h e r e  a r e  n o  c o l l is io n s  w i t h  t h e  m a t t e r  b u t  o n ly  e la s t ic  
s c a t t e r i n g  o n  t h e  m a g n e t ic  f i e ld  le a d s  t o  c o n s e r v a t io n  o f  t h e  p a r t i c l e ’s e n e r g y  
in  t h e  r e s t  f r a m e  o f  t h e  m o v in g  c lo u d  s o  t h a t :
E[ =  E'2) ( 3 . 3 )
f r o m  w h ic h  t h e  f r a c t i o n a l  c h a n g e  in  e n e r g y ,  (E2 — E i)/E i,  fo l lo w s :
A E  _  1 -  (3 c o s  0 i  +  p  c o s  0'2 — p 2 c o s  0\ c o s  , .x
~E ~  1  ~ p 2 ~ ~   ^ }
B e c a u s e  t h e  p a r t i c l e  m o t i o n  in s id e  t h e  c lo u d  is  r a n d o m ,  a l l  p o s s ib le  v a lu e s  
o f  0'2 h a v e  e q u a l  p r o b a b i l i t y ,  w h ic h  le a d s  t o  <  c o s  0‘2 > =  0 .  B e c a u s e  o f  
t h e  m o v e m e n t  o f  t h e  c lo u d ,  t h e  p r o b a b i l i t y  o f  a  p a r t i c l e  e n t e r i n g  t h e  c lo u d  
a t  0[ is  p r o p o r t i o n a l  t o  c — V  c o s  (?t f o r  r e l a t i v i s t i c  p a r t i c le s ,  w h ic h  g iv e s
<  co s  0\ > =  — 1 / 3 p. T h e r e f o r e
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A E  I +  1/3(32
-  1 m 4/3/3 . (3.5)
E 1 - / 3 2
F r o m  t h is  w e  s ee  t h a t  t h e  n e t  e n e r g y  g a in  a v e r a g e d  p e r  c o l l i s io n ,  is  ^  oc ¡32 
a n d  t h a t  a l t h o u g h  p o s i t i v e ,  t h e  a v e r a g e  e n e r g y  g a in  is  s m a l l .  T h i s  is  b e c a u s e  
p a r t i c le s  c a n  e i t h e r  g a in  o r  lo s e  e n e r g y  i n  a  g iv e n  e n c o u n t e r ,  d e p e n d in g  o n  
t h e  a n g le s ,  b u t  a f t e r  m a n y  e n c o u n t e r s  t h e r e  is  a  n e t  g a in .  M a n y  a u t h o r s  
e x p l a i n  t h is  b y  s u g g e s t in g  t h a t  t h e  n u m b e r  o f  h e a d - o n  c o l l is io n s ,  w h e r e  a  
p a r t i c l e  g a in s  e n e r g y ,  e x c e e d s  t h e  n u m b e r  o f  o v e r t a k i n g  c o l l is io n s  r e s u l t in g  
i n  a n  e n e r g y  lo s s . I n  h is  b o o k ,  G a is s e r  [3 0 ]  d is p u t e s  t h is  id e a ,  s a y in g  t h a t  a  
h e a d - o n  c o l l i s io n  w i t h  a  c lo u d  i n  w h ic h  t h e  p a r t i c l e  g o e s  o u t  t h e  b a c k  s id e  
(c o s  d'2 <  0 )  c a n  r e s u l t  i n  a  lo s s  o f  e n e r g y .  L ik e w is e  a n  o v e r t a k i n g  c o l l is io n  
m a y  r e s u l t  i n  a n  in c r e a s e  i n  p a r t i c l e  e n e r g y .  I n  a n y  c a s e , t h e  s e c o n d  o r d e r  
p r o c e s s  d e s c r ib e d  a b o v e  d o e s  n o t  l e a d  t o  v e r y  e f f ic ie n t  p a r t i c l e  a c c e le r a t io n .
K r y m s k y  ( 1 9 7 7 ) ,  A x f o r d  e t  a l .  ( 1 9 7 7 ) ,  B e l l  ( 1 9 7 8 )  a n d  B l a n d f o r d  &  O s -  
t r i k e r  ( 1 9 7 8 )  i n d e p e n d e n t l y  s h o w e d  t h a t  f i r s t  o r d e r  F e r m i  a c c e le r a t io n  b y  
S N R  s h o c k s  is  p a r t i c u l a r l y  e f f ic ie n t  b e c a u s e  t h e  m o t io n s  a r e  n o t  r a n d o m .
A  c h a r g e d  p a r t i c l e  a h e a d  o f  t h e  s h o c k  f r o n t  c a n  p a s s  t h r o u g h  t h e  s h o c k  a n d  
t h e n  b e  s c a t t e r e d  b y  m a g n e t ic  i n h o m o g e n e i t i e s  b e h i n d  t h e  s h o c k .  C o n s id e r  
a  p la n e  s h o c k  f r o n t  m o v in g  w i t h  v e l o c i t y  —U\ (S e e  F i g  3 . 2 ) .  T h e  s h o c k e d  
g a s  f lo w s  a w a y  f r o m  t h e  s h o c k  w i t h  a  v e l o c i t y  r e l a t i v e  t o  t h e  s h o c k  f r o n t ,  
a n d  | u 2 | < |  u\ I- T h e r e f o r e ,  i n  t h e  l a b o r a t o r y  f r a m e  t h e  g a s  b e h i n d  t h e  
s h o c k  m o v e s  w i t h  v e l o c i t y  V  =  —Ui + u 2. B y  c o n s id e r in g  t h e  r a t e  a t  w h ic h
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F i g u r e  3 .2 :  Sketch of a  collision of a  c h a rg e d  particle with a  m o v in g
C R s  c ro s s  t h e  s h o c k  f r o m  d o w n s t r e a m  t o  u p s t r e a m  a n d  b a c k ,  w e  s e e  t h a t
<  c o s  9\ > =  — 2 / 3  a n d  <  c o s  ^  >*-• 2 / 3  w h ic h  le a d s  t o :
A E  _ 1 +  4 / 3 / 9  +  4 / 9 / 3 “ 4
T --------- ---------------- S ( '
T h e  p a r t i c l e  g a in s  e n e r g y  a n d  f l ie s  b a c k  a c ro s s  t h e  s h o c k  w h e r e  I t  c a n  b e  
s c a t t e r e d  fe y  m a g n e t ic  in  h o m o g e n e i t ie s  a h e a d  r f  t h e  s h o c k .  T h i s  © n a M e i  
t h e  p a r t i c l e  t o  b o u n c e  b a c k  a n d  f o r t h  a c r o s s  t h e  s h o c k ,  g a in in g  e n e r g y  e a c h  
t i m e ,  a  m u c h  m o r e  e f f ic ie n t  a c c e le r a t io n  m e c h a n is m  t h a n  t h e  s e c o n d  o r d e r  
d e s c r ib e d  a b o v e .
D u e  t o  e f f ic ie n t  s c a t t e r i n g ,  p a r t i c l e s  c a n  c ro s s  t h e  s h o c k  r e p e a t e d l y  b e f o r e
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b r i n g  a d v e c t e d  d o w n s t r e a m .  A  p a r t i c l e  g a in s  e n e r g y  e a c h  t i m e  i t  c ro s s e s  
t h e  s h o c k  in  a  c y c le  f r o m  d o w n s t r e a m  —> u p s t r e a m  —> d o w n s t r e a m  a n d  t h e  
a v e r a g e  m o m e n t u m  g a in  p e r  c y c le  is  g iv e n  b y :
A p _ 4 U t - U 2
p 3  c  ’   ^ '
w h e r e  Uip) is  t h e  f l u i d  v e lo c i t y  u p s t r e a m  ( d o w n s t r e a m ) .  T h e  p a r t i c le s  h a v e  a  
f i n i t e  c h a n c e  o f  e s c a p e  f r o m  t h e  c o n f in e s  o f  t h e  s h o c k  w h ic h  c a n  b e  e x p r e s s e d
4  U->Pesc ~  <  1 .  ( 3 . 8 )
c
T h e  r e s u l t in g  p o w e r  l a w  d i s t r i b u t i o n  i n  m o m e n t u m  o f  a c c e le r a t e d  p a r t i c le s  
h a s  a  n u m b e r  d e n s i t y  w i t h  s lo p e  s w h e r e :
escape rate  ...
s  =  1 + ----------1----------------------------  3 . 9 )
acceleration rate
T h i s  c a n  b e  e x p r e s s e d  a s  a  f u n c t io n  o f  t h e  c o m p r e s s io n  r a t i o  r  ( r  =  P2 /Pi — 
U1 /U 2 ) o f  t h e  s h o c k  (r — 4  f o r  s t r o n g  s h o c k s ) .
s =  =  2  ( 3 . 1 0 )
r — 1
f o r  a  s t r o n g  s h o c k .
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3.3 Diffusive Shock Acceleration
T h e  f u n d a m e n t a l  a s s u m p t io n  o f  t h e  t h e o r y  o f  d i f f u s iv e  s h o c k  a c c e le r a t io n  
( D S A )  is  t h a t  a c c e le r a t e d  p a r t i c le s  d i f f u s e  in  s p a c e . T h e r e  a r e  n u m e r o u s  
a p p r o a c h e s  t o  u n d e r s t a n d i n g  t h e  p h y s ic s  o f  D S A ,  s in c e  t h e  m ic r o p h y s ic s  is  
c o m p le x  a n d  d e p e n d s  o n  a s s u m p t io n s  m a d e  a b o u t  s u c h  d e t a i l s  a s  t h e  s t r u c ­
t u r e  a n d  o r i e n t a t i o n  o f  t h e  lo c a l  m a g n e t ic  f i e ld .  H o w e v e r ,  a l l  a p p r o a c h e s  
d e p e n d  o n  a  n u m b e r  o f  n o n t h e r m a l  p a r t i c le s  b e c o m in g  t r a p p e d  b y  s c a t t e r in g  
a r o u n d  a  s h o c k  f r o n t ,  so  t h a t  t h e y  m a y  t a p  i n t o  t h e  e n e r g y  f lo w  t h r o u g h  t h e  
s h o c k  f o r  e x t e n d e d  t im e s ,  b u t  w i t h  a  f i n i t e  p o s s i b i l i t y  o f  e s c a p e .
F o r  D S A  t o  w o r k ,  t h e  p a r t i c l e  d i s t r i b u t i o n  s h o u ld  b e  a lm o s t  i s o t r o p ic  a n d  
t h e  p a r t i c l e s  t h e m s e lv e s  s h o u ld  h a v e  s p e e d s  t h a t  a r e  l a r g e  c o m p a r e d  t o  t h e  
b u l k  f lo w  s p e e d  u. T h e  d i f f u s io n - c o n v e c t io n  e q u a t i o n  w h ic h  d e s c r ib e s  t h e  
t i m e  e v o l u t io n  o f  t h e  p a r t i c l e  d i s t r i b u t i o n  f (p ,x , t )  c a n  b e  e x p r e s s e d  as
% + u - V f  =  \ p % ( V  • « )  +  V  • ( k V / )  +  Q, ( 3 . 1 1 )
w h e r e  t h e  f i r s t  t e r m  o n  t h e  r i g h t  r e p r e s e n t s  a d i a b a t i c  c o m p r e s s io n ,  t h e  s e c o n d  
s p a t i a l  d i f f u s io n  a n d  Q is  a  g e n e r ic  s o u r c e  t e r m  t h a t  c a n  r e p r e s e n t  i n j e c t i o n  
o r  e s c a p e .
O n e  o f  t h e  k e y  q u e s t io n s  t o  u n d e r s t a n d i n g  t h e  e f f ic ie n c y  o f  D S A  o f  C R s  is  
t h e  i n j e c t i o n  p r o c e s s  f r o m  t h e r m a l  p a r t i c le s .  W h e n  p a r t i c le s  d i f f u s e  o f f  t h e  
m o v in g  s c a t t e r i n g  c e n t r e s  i n  a  r e g io n  d i v i d e d  b y  a  s h o c k ,  t h e s e  p a r t i c le s  c a n
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b e  a c c e le r a t e d  i f  t h e i r  m e a n  f r e e  p a t h s  e x c e e d  t h e  s h o c k  th ic k n e s s .  T h e  r e l ­
a t i v e  m o m e n t u m  g a in  f o r  a  c y c le  o f  t w o  s h o c k  c r o s s in g s  is  t h e n  p r o p o r t i o n a l  
t o  t h e  v e l o c i t y  d i f f e r e n c e  a c ro s s  t h e  s h o c k  -  o f  f i r s t  o r d e r  w i t h  r e s p e c t  t o  t h e  
s h o c k  v e l o c i t y  ( B e l l  1 9 7 8 ) .  I t  w a s  r e a l i z e d  ( e .g  B e l l  1 9 7 8 ;  S k i l l i n g  1 9 7 5 ;  L u c e k  
&  B e l l  2 0 0 0 )  t h a t  a c c e le r a t e d  p a r t i c le s  m u s t  c r e a t e  t h e  s c a t t e r i n g  e n v i r o n ­
m e n t  b y  t h e m s e lv e s ,  g e n e r a t in g  A l f v e n  w a v e s  v i a  t h e  c y c lo t r o n  i n s t a b i l i t y ,  
so  t h a t  e v e n  i f  t h e r e  a r e  n o t  e n o u g h  i r r e g u l a r i t i e s  t o  b e g in  w i t h ,  e s p e c ia l ly  
u p s t r e a m  o f  t h e  s h o c k ,  s c a t t e r i n g  w a v e s  c a n  b e  s e l f - g e n e r a t e d  b y  C R s  d i f ­
f u s in g  u p s t r e a m .  T h e s e  w a v e s  a r e  t h e n  a m p l i f i e d  b y  t h e  s h o c k  a n d  a d v e c t e d  
d o w n s t r e a m  w h e r e  t h e y  a r e  r e s p o n s ib le  f o r  s c a t t e r i n g  a n d  t h e r e f o r e  d i f f u s io n ,  
a n  e s s e n t ia l  e le m e n t  o f  t h e  f i r s t  o r d e r  F e r m i  a c c e le r a t io n  p ro c e s s .
T h e  q u e s t io n  o f  h o w  p a r t i c le s  m i g h t  b e  a c c e le r a t e d  f r o m  t h e  t h e r m a l  p o o l  
u p  t o  a n  e n e r g y  w h e r e  t h e y  c a n  b e  a s s u m e d  t o  d i f f u s e  is  r e f e r r e d  t o  a s  t h e  
i n j e c t i o n  p r o b le m  a n d  is  i n  i t s e l f  h i g h l y  n o n - l in e a r .  T h i s  p r o b le m  is  f u n d a ­
m e n t a l l y  r e la t e d  t o  t h e  q u e s t io n  o f  t h e  e f f ic ie n c y  o f  p a r t i c l e  a c c e le r a t io n  a t  
s h o c k s  b y  t h e  F e r m i  p r o c e s s .
3.4 Cosmic Ray Acceleration at SNR Shocks
I t  is  a  r e a s o n a b le  a s s u m p t io n  t h a t  i t  is  t h e  f o r w a r d  s h o c k s  i n  t h e  S e d o v  
p h a s e  o f  S N R  e x p a n s io n  t h a t  a r e  m a i n l y  r e s p o n s ib le  f o r  t h e  p r o d u c t i o n  o f  
C R s .  A l t h o u g h  w e  h a v e  i d e n t i f i e d  t h e  e x is t e n c e  o f  r e v e r s e  s h o c k s  i n  t h e
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e a r l y  p h a s e s  o f  r e m n a n t  e x p a n s io n ,  t h e  f o r w a r d  s h o c k s  a r e  m u c h  lo n g e r  l i v e d  
a n d  h a v e  h ig h e r  e n e r g ie s .  A ls o ,  t h e  C R s  a c c e le r a t e d  w h e n  t h e  r e m n a n t  is  
s m a l l  s u f f e r  s t r o n g  a d i a b a t i c  lo s s e s , m a k i n g  l a t e r  s ta g e s  m o r e  i m p o r t a n t  (e .g .  
D r u r y  a n d  K e a n e  1 9 9 5 ) .
O n e  o f  t h e  m o s t  i m p o r t a n t  p a r a m e t e r s  o f  F e r m i  a c c e le r a t io n  a t  a n  S N R  
s h o c k  is  t h e  r a t e  a t  w h ic h  i t  o p e r a t e s .  T h e  r a t e  o f  e n e r g y  g a in  o f  r e l a t i v i s t i c  
p a r t i c le s  a t  a  n o n - r e l a t i v i s t i c  s h o c k  is  g iv e n  b y
w h e r e  tcycie is  t h e  t i m e  f o r  o n e  c o m p l e t e  c y c le  i .e .  c r o s s in g  t h e  s h o c k  f r o m  
u p s t r e a m  t o  d o w n s t r e a m ,  d i f f u s in g  b a c k  t o w a r d s  t h e  s h o c k  a n d  c r o s s in g  f r o m  
d o w n s t r e a m  t o  u p s t r e a m  b e f o r e  f i n a l l y  r e t u r n i n g  t o  t h e  s h o c k .
I n  o r d e r  t o  b e  a c c e le r a t e d  e f f ic ie n t ly ,  p a r t i c le s  m u s t  i n t e r a c t  w i t h  t h e  s h o c k  
a  n u m b e r  o f  t im e s  a n d  a  d o w n s t r e a m  p a r t i c l e  m u s t  b e  a b le  t o  d i f f u s e  b a c k  t o  
t h e  s h o c k .  T h e  a c c e le r a t io n  r a t e  a t  t h e  s h o c k  f r o n t  d e p e n d s  o n  t h e  p a r t i c l e  
d i f f u s io n  c o e f f ic ie n t  k . T h i s  i n  t u r n  d e p e n d s  o n  t h e  p a r t i c l e  e n e r g y  t h r o u g h  
t h e i r  L a r m o r  r a d iu s  a n d  t h e  p r o p e r t i e s  o f  t h e  p l a s m a  t u r b u l e n c e  w h ic h  is  
d r i v e n  b y  t h e  p a r t i c l e s  t h e m s e lv e s .
tacc ~  k / u 2, ( 3 . 1 3 )
w h e r e  u =  s h o c k  s p e e d .  P a r t i c l e s  d i f f u s in g  a h e a d  o f  t h e  s h o c k  e x c i t e  A l f v e n
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w a v e s  w h ic h  i n  t u r n  r e d u c e  t h e  s c a t t e r i n g  m e a n  f r e e  p a t h s  t o  v a lu e s  a p ­
p r o a c h in g  t h e  g y r o - r a d i u s  s o  t h a t  t h e  r e s u l t in g  d i f f u s io n  c o e f f ic ie n t  t a k e s  a  
v a lu e  c lo s e  t o  t h e  B o h m  l i m i t ,
1
kb =  2r9vp, (3 .1 4 )
w h e r e  kb =  B o h m  d i f f u s io n  c o e f f ic ie n t ;  rg =  p a r t i c l e  g y r o - r a d i u s  a n d  vp =  
p a r t i c l e  v e l o c i t y  ( f o r  r e l a t i v i s t i c  p a r t i c le s  vp «  c ) .
s t r e a m  ( k 2)  o f  t h e  s h o c k  a n d  o n  t h e  s h o c k  v e l o c i t y  a n d  c o m p r e s s io n  r a t i o  a n d  
is  g iv e n  b y :
a n d  t h e  a c c e le r a t io n  t i m e  a t  e n e r g y  E\ d e f in e d  b y  E / ( d E / d t ) ,  is  t h e n  e x ­
p r e s s e d  as:
_  4  k ,  k 2 
tacc — ( “I” )■ (3 .1 6 )
U\ UX U2
F o r  a  c o m p r e h e n s iv e  t r e a t m e n t  o f  th e s e  a n d  o t h e r  e q u a t io n s  s ee  P r o t h e r o e
I n  S N R s  t h e  r e l a t i v e  o r i e n t a t i o n  o f  t h e  m a g n e t ic  f i e ld  a n d  t h e  s h o c k  f r o n t  
c a n  b e  v e r y  d iv e r s e .  F o r  a  s p h e r ic a l l y  s y m m e t r i c  s h o c k  f r o n t  e x p a n d in g  
i n  a  h o m o g e n o u s  m a g n e t ic  f i e ld  f o r  e x a m p le ,  t h e  d i r e c t io n s  o f  t h e  s h o c k  
n o r m a l  a n d  m a g n e t ic  f i e ld  c h a n g e  f r o m  p a r a l l e l  t o  p e r p e n d i c u l a r  o v e r  t h e  
s h o c k  s u r fa c e .  F o r  n e a r l y  p e r p e n d i c u l a r  s h o c k s , t h e  a c c e le r a t io n  p ro c e s s  c a n
T h e  c y c le  t i m e  d e p e n d s  o n  t h e  d i f f u s io n  c o e f f ic ie n ts  u p s t r e a m  (ki) a n d  d o w n -
(3 .1 5 )
(1 9 9 6 ) .
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b e  v e r y  f a s t  a n d  e f f e c t iv e  d u e  t o  r e f le c t io n s  u p s t r e a m  ( N a i t o  &  T a k a h a r a  
1 9 9 5 ) .  H o w e v e r ,  t h e  v e l o c i t y  o f  t h e  s h o c k - m a g n e t ic  f ie ld  i n t e r a c t i o n  i n  h ig h ly  
o b l iq u e  s h o c k s  c a n  a p p r o x i m a t e  t h e  l i g h t  v e lo c i t y ,  s u p r e s s in g  t h e  i n j e c t i o n  
e f f ic ie n c y  o f  t h e r m a l  p a r t i c le s  w h ic h  a r e  e s s e n t ia l ly  t i e d  t o  m a g n e t ic  f ie ld  
l in e s .  T h e  m o s t  e f f e c t iv e  i n j e c t i o n  is  t h e r e f o r e  m o s t  l i k e ly  t o  o c c u r  i n  r e g io n s  
o f  S N R s  w h e r e  q u a s i - p a r a l l e l  s h o c k s  e x is t .
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C h a p t e r  4
M o d e l s  o f  S h o c k  A c c e l e r a t i o n
4.1 The Test Particle Theory of Shock Accel­
eration
M u c h  o f  t h e  w o r k  d o n e  o n  t h e  t h e o r y  o f  s h o c k  a c c e le r a t io n  i n  t h e  l a t e  1 9 7 0 s  
e m p lo y e d  t h e  t e s t  p a r t i c l e  a p p r o a c h ,  w h e r e b y  t h e  p la s m a  s h o c k  w a s  a  g iv e n  
p h e n o m e n o n  a n d  t h e  “ t e s t ”  p a r t i c le s  w e r e  a l lo w e d  t o  i n t e r a c t  w i t h  i t .  I n  
t h e  t e s t  p a r t i c l e  r e g im e  t h e r e  is  a  s im p le  r e l a t i o n  b e t w e e n  t h e  s p e c t r u m  o f  
t h e  a c c e le r a t e d  p a r t i c l e s  a n d  t h e  j u m p  c o n d i t io n s  a t  t h e  s h o c k .  T h i s  s im p le  
p i c t u r e  b e c o m e s  c o m p l ic a t e d  w h e n  t h e  p r e s s u r e  o f  t h e  a c c e le r a t e d  p a r t ic le s  
(Pen) b e c o m e s  c o m p a r a b l e  w i t h  t h e  p r e s s u r e  o f  t h e  s h o c k e d  f lu id  so  t h a t  
t h e  n o n - l in e a r  b a c k r e a c t io n  o f  t h e  p a r t i c le s  b e c o m e s  n o n - n e g l ib i b l e  a n d  t h e  
s p e c t r u m  is  s u b s t a n t i a l l y  a f f e c t e d .
T h e  c o m p l ic a t e d  e f fe c t s ,  w h ic h  s e e m  t o  b e  i m p o r t a n t  i n  s e v e r a l  a s t r o p h y s i -  
c a l  s i t u a t i o n s ,  a n d  l e a d  t o  a  h i g h l y  n o n - l in e a r  p r o b le m ,  a r e  o f t e n  n e g le c t e d ,  
m a i n l y  b e c a u s e  o f  t h e  la c k  o f  a n  a p p r o a c h  t h a t  a l lo w s  t o  t a k e  t h e m  i n t o  a c ­
c o u n t  w i t h o u t  t h e  u s e  o f  c o m p l ic a t e d  n u m e r i c a l  s im u la t io n s  w h ic h  a r e  u s u a l l y  
o f  r e s t r i c t e d  u s e . A s  a  r e s u l t ,  i n  m o s t  o f  t h e  a p p l ic a t i o n s  o f  D S A  t o  a s t r o -  
p h y s ic a l  s im u la t io n s ,  t h e  a s s u m p t io n s  o f  t e s t  p a r t i c le s  is  a d o p t e d ,  e v e n  in  
t h o s e  c a s e s  w h e r e  t h is  a p p r o x i m a t i o n  w o r k s  p o o r ly .
4.1.1 Maximum Energy
A  p r e d i c t i o n  o f  s h o c k  a c c le r e a t io n  t h e o r y ,  a t  l e a s t  i n  t h e  t e s t  p a r t i c l e  f o r ­
m a l i s m ,  is  t h a t  t h e r e  is  a  m a x i m u m  e n e r g y  f o r  t h e  a c c e le r a t e d  p a r t ic le s .  I n  
t h e  c a s e  o f  S N R  a c c e le r a t io n ,  L a g a g e  &  C e s a r s k y  ( 1 9 8 3 )  e s t i m a t e d  t h e  m a x ­
i m u m  e n e r g y  o f  a n  io n  o f  c h a r g e  Z  t o  b e  ~  1 0 1 4 Z e V .  T h i s  p r e d i c t i o n  w a s  
n o t  u n i f o r m l y  a c c e p t e d  h o w e v e r ,  w i t h  J o k i p i i  f o r  e x a m p le  s h o w in g  t h a t  f o r  
q u a s i - p e r p e n d i c u l a r  s h o c k s  t h e  u p p e r  e n e r g y  l i m i t  c o u ld  b e  m u c h  la r g e r .
T h e  m a x i m u m  e n e r g y  o f  F e r m i  a c c e le r a t e d  io n s  is  o f  c e n t r a l  i m p o r t a n c e  t o  
T e V  o b s e r v a t io n s .  I t  c a n  b e  d e t e r m i n e d  i n  t h e  S e d o v  p h a s e  o f  e x p a n s io n  o f  a  
S N R  b y  e q u a t i n g  t h e  a c c e le r a t io n  t i m e  t o  t h e  r e m n a n t  a g e  ( tsNR) p r o d u c in g  
v a lu e s  o f  t h e  o r d e r  o f  (e .g .  B a r i n g  e t  a l  1 9 9 7 ) :
E ^  4  7 r  ~  l Q-( B—)(_____ —_____ ) 2 tsNR TeV  ( 4  1 )
max r rj 3ftG lOOOkm/s 1 0 V
43
I n  t h e  S e d o v  p h a s e ,  w h e r e  t h e  p e a k  l u m i n o s i t y  is  e x p e c t e d  ( D r u r y  e t  a l .  
1 9 9 4 ) ,  Emax is  a  s lo w ly  in c r e a s in g  f u n c t io n  o f  t i m e .  F o r  y o u n g  S N R s  e a r l y  in  
t h e  S e d o v  p h a s e  ( 2 0 0 - 5 0 0 0  y r s ) ,  u is  t y p i c a l l y  ~  2 0 0  —  3 0 0 0  k m / s ,  i m p l y i n g  
a g e - l i m i t e d  a c c e le r a t io n  t e r m i n a t i n g  a r o u n d  1 - 1 0  T e V .
L a g a g e  &  C e s a r s k y  ( 1 9 8 3 )  s u g g e s t  t w o  e f fe c ts  w h ic h  m a y  h a v e  a n  e f fe c t  o n  
l i m i t i n g  t h e  e n e r g y  g a in e d  b y  p a r t i c le s  i n t e r a c t i n g  w i t h  a  S N R  s h o c k ,  n a m e l y  
t h e  f i n i t e  l i f e t i m e  o f  t h e  s h o c k  a n d  t h e  s h o c k  c u r v a t u r e .  A l t h o u g h  m o s t  
s c a t t e r in g s  o c c u r  e i t h e r  w i t h i n  t h e  u p s t r e a m  o r  d o w n s t r e a m  r e g io n  o f  t h e  
s h o c k  a n d  d o  n o t  c h a n g e  t h e  p a r t i c l e  e n e r g y ,  t h e  f e w  s c a t t e r in g s  a c ro s s  t h e  
s h o c k  g iv e  a n  e x p o n e n t i a l l y  d e c r e a s in g  n u m b e r  o f  p a r t i c le s  a  m o m e n t u m  t h a t  
in c r e a s e s  e x p o n e n t i a l l y  w i t h  t i m e .  T h i s  r e s u l t s  i n  a  p o w e r - l a w  d i s t r i b u t i o n  
i n  m o m e n t u m  t h a t  c u t s  o f f  d u e  t o  t h e  f i n i t e  a c c e le r a t io n  t i m e .  T h e  c u t - o f f  
m o m e n t u m  pmax {t) a d v a n c e s  w i t h  t i m e  a s  fo l lo w s
where B \  =  m agnetic field in units of Gauss; u =  expansion speed; rj =  A/ r g.
d P m a x  P m a x ( 4 . 2 )
dt tqcc
w i t h  t h e  a c c e le r a t io n  t i m e  g iv e n  b y  (e .g  A x f o r d  1 9 8 1 )
i W  +  s M , *  ( 4 . 3 )
u i - u 2 JVmin m u2 p
w h e r e  U\ a n d  u2 a r e  t h e  u p s t r e a m  a n d  d o w n s t r e a m  f lo w  s p e e d s  i n  t h e  s h o c k  
f r a m e  a n d  K\ a n d  k2 t h e  p a r t i c l e  d i f f u s iv i t i e s  i n  t h e  r e s p e c t iv e  m e d ia .  T h i s
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e q u a t io n  f o r  taCc w i t h  k =  kjj w a s  f o u n d  t o  b e  f a s t  e n o u g h  t o  e x p l a in  t h e  
a c c e le r a t io n  o f  C R s  in  S N R s  u p  t o  t h e  “ k n e e ” in  t h e  C R  s p e c t r u m  ( ~  1 0 15 e V )  
(e .g .  M a i k o v  e t .  a l .  2 0 0 1 ) .
4.1.2 The Rankine-Hugoniot Relations
I n  a  f r a m e  f i x e d  w i t h  r e s p e c t  t o  t h e  c e n t e r  o f  t h e  e x p lo s io n ,  t h e  R a n k i n e -  
H u g o n i o t  j u m p  c o n d i t io n s  i n  t h e  l i m i t  o f  a  v e r y  s t r o n g  s h o c k  c a n  b e  e x p r e s s e d
I f  w e  k n o w  t h e  v a l u e  f o r  USh, t h e  a b o v e  c o n d i t io n s  y ie l d  t h e  p h y s ic a l  c o n d i ­
t io n s  j u s t  in s id e  t h e  b la s t  w a v e :
d t  r 2 d r
( 4 . 5 )
1  dP
p  d r  ’
( 4 . 6 )
(4.7)
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w ith specific in ternal energy
( T ^ IF  ( 4 ' 8 )
4.2 M agnetic Field
S in c e  a n  io n i z e d  p l a s m a  h a s  a  h i g h  c o n d u c t i v i t y ,  a n y  m a g n e t ic  f i e ld  p r e s e n t  
w o u l d  b e  “ f r o z e n - in ” t o  t h e  p l a s m a  a n d  c o n t r i b u t e  t o  t h e  d y n a m ic s  o f  t h e  
s h o c k .  I n  a  p a r a l l e l  s h o c k ,  w h e r e  t h e  m a g n e t ic  f i e ld  is  p a r a l l e l  t o  t h e  s h o c k  
n o r m a l ,  t h e  f i e l d ’s o n l y  r o le  is  t o  s u p p o r t  t h e  A l f v e n  w a v e s  g e n e r a t e d  b y  
t h e  a c c e le r a t e d  p a r t i c le s .  I n  o b l iq u e  s h o c k s , t h e  m a g n e t ic  f i e ld  ta k e s  a  m o r e  
a c t i v e  r o le  a n d  in f lu e n c e s  b o t h  t h e  s h o c k  j u m p  c o n d i t io n s  a n d  t h e  p a r t i c l e  
a c c e le r a t io n .  I t  h a s  b e e n  o b s e r v e d  ( C a n d i a  e t .  a l  2 0 0 2 )  t h a t  a t  l o w  e n e r g ie s ,  
t h e  C R  p a r t i c l e  d i f f u s io n  is  m a i n l y  d u e  t o  s m a l l - s c a le  t u r b u l e n t  f l u c t u a t i o n s ,  
w h i l e  a t  h ig h e r  e n e r g ie s  t h e  b u l k  o f  t h e  C R  d i f f u s io n  is  g o v e r n e d  b y  t h e  d r i f t s  
t h a t  a r is e  f r o m  t h e  l a r g e - s c a le  r e g u l a r  m a g n e t ic  f i e ld ,  l e a d in g  t o  s ig n i f ic a n t  
la r g e - s c a le  a s y m m e t r ie s  i n  t h e  C R  d e n s i t y  d i s t r i b u t i o n .
T a k i n g  a  t y p i c a l  a c c e le r a t io n  t i m e  g iv e n  b y
=  _ 3 _  ,  +  s  3 ( ^ 1 1 ) )  ( 4 . 9 )
u xu 2 K U i - U 2  V _  I )
7* V f  /
w h e r e  r  =  c o m p r e s s io n  r a t i o  o f  s h o c k  ( f o r  a  s t r o n g  s h o c k  r  =  4 ) ;  f  =  c o m ­
p r e s s io n  r a t i o  o f  m a g n e t ic  f i e ld  ( f  £  [1 , 4 ] ) ;  u2 =  f o r  a  s t r o n g  s h o c k .
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F o r  a  p a r a l le l  s h o c k  w i th  K\  =  « 2 ; r  =  4; f  — 1, w e  o b ta in  a n  a c c e le r a t io n  
t im e  o f
t acc =  2 0 —2 ( s l o w  a c c e l e r a t o r ) .  (4 .1 0 )
« 1
F o r  a  p e r p e n d ic u la r  s h o c k  w i th  k 2 =  1 / 4 /ci ; r  =  4; f  =  4
i acc =  8 ^ -  ( / c i s t  a c c e l e r a t o r ) .  (4 .1 1 )
« 1
4.3 M odels of Shock Acceleration
T h e  m a in  d if f ic u lty  in  n u m e r ic a l  t e c h n iq u e s  t o  so lv e  n o n l in e a r  d if fu s iv e  sh o c k  
a c c e le r a t io n  is  t h e  f a c t  t h a t  t h e  d i f f u s io n - c o n v e c t io n  e q u a t io n  in c lu d e s  a  w id e  
r a n g e  o f  le n g th  s c a le s  t h a t  n e e d  t o  b e  re s o lv e d . T h e  d i f fu s io n -c o n v e c t io n  
e q u a t io n  w h ic h  d e s c r ib e s  t h e  t im e  e v o lu t io n  o f  t h e  p a r t i c l e  d i s t r i b u t io n  f ( p ,  x ,  t ) ,  
(e .g . S k il l in g  1 9 7 5 ) ta k e s  t h e  fo rm ;
d f  1 d u  d f  d  , . . d  . .
dt =  i ( a i )pap +  d i {K{x'p)d i i )  +  Q' ( 4 1 2 )
w h e re  Q  =  in je c t io n  r a t e  f ro m  th e r m a l  p a r t i c l e s  to  C R s .
F o r  a  B o h m  t y p e  d if fu s io n  w h e re  t h e  s c a t t e r in g  le n g th  is  p r o p o r t io n a l  to  
t h e  p a r t i c l e  m o m e n tu m ,  th e  d if fu s io n  le n g th  in c re a s e s  l in e a r ly  w i th  m o m e n ­
t u m  i.e . L  oc p.  C o n s id e r in g  t h e  a c c e le r a t io n  f ro m  s u p r a - t h e r m a l  p a r t i ­
c le s  { p t h / m Pc  ~  1 0 ~ 3) t o  t h e  “k n e e  e n e rg y ” (pm ax/ m pc ~  1 0 6) fo r  e x a m -
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p ie , t h e  r a t i o  o f  t h e  la r g e s t  le n g th  s c a le  t o  t h e  s m a l le s t  t o  b e  re s o lv e d  is 
L m a x / L m i n  ~  1 0 9 ( K a n g  2 0 0 0 ).
B e re z h k o  e t  a l. (1 9 9 4 ) h a v e  d e v e lo p e d  a  c o d e  to  h a n d le  s u c h  a  s t r o n g  m o ­
m e n tu m  d e p e n d e n t  d if fu s io n  m o d e l  in  t i m e - d e p e n d e n t  s im u la t io n s  b y  in t r o -  
d u c t in g  a  “c h a n g e  o f  v a r ia b le s  te c h n iq u e ” in  w h ic h  t h e  r a d ia l  c o o r d in a te  is 
t r a n s f o r m e d  in to  a  n e w  v a r ia b le  s c a le d  w i th  p a r t i c l e  d if fu s io n  le n g th  a s
x ( p )  =  e x p ( - ^  R s ^ ) ,  (4 .1 3 )
H P )
w h e re  R s  =  s h o c k  r a d iu s .  T h is  a llo w e d  th e m  t o  so lv e  t h e  c o u p le d  s y s te m  
o f  g a s d y n a m ic  e q u a t io n s  a n d  t h e  C R  t r a n s p o r t  e q u a t io n  e v e n  fo r  a  d if fu s io n  
c o e ff ic ie n t w i th  a  s t r o n g  m o m e n tu m  d e p e n d e n c e .
P r i o r  t o  th i s ,  K r y m s k y  &  P e th u k o v  (1 9 8 0 ); P r i s h c h e p  &  P tu s k i n  (1 9 8 1 ) a n d  
D r u r y  (1 9 8 2 ) s tu d i e d  s o lu t io n s  o f  t h e  c o s m ic  r a y  t r a n s p o r t  e q u a t io n  in  b la s t  
w a v e s  f ro m  s p h e r ic a l  e x p lo s io n s , m a k in g  p la u s ib le  a s s u m p t io n s  r e g a r d in g  th e  
v e lo c i ty  f ie ld  b e h in d  th e  s h o c k  a n d  t h e  C R  d if fu s io n  c o e ff ic ie n t, w h ile  n e g le c t ­
in g  t h e  C R  p re s s u re .  H o w e v e r , e v e n  th e s e  s im p lif ie d  s o lu t io n s  d o  n o t  e x p re s s  
t h e  C R  s p e c t r u m  t h r o u g h t o u t  t h e  w h o le  d o w n s t r e a m  m e d iu m  fo r  a r b i t r a r y  
s h o c k  s t r e n g th .
B e c a u s e  t h e  a c c e le r a t io n  p ro c e s s  is  in h e r e n t ly  s lo w , p a r t ic le s  t a k e  a  lo n g  
t im e  t o  d if fu se  b a c k  a n d  f o r th  a c ro s s  t h e  sh o c k . T h e r e f o r e ,  t h e  e n e rg y  g a in e d  
b y  p a r t i c l e s  in je c te d  a t  t h e  b e g in n in g  o f  t h e  S N R  e x p a n s io n  a n d  f o r tu n a t e
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e n o u g h  to  r e m a in  in  t h e  v ic in i ty  o f  t h e  s h o c k  is  l im i te d .  T h e  d if fu s io n  co ­
e ff ic ie n t o f  th e  C R s  in c re a s e s  w i th  e n e rg y . W h e n  th e  c h a r a c te r i s t i c  le n g th  
o f  d if fu s io n  o f  t h e  p a r t i c l e s  (o f  o r d e r  k / u \ ,  w h e re  U\ is  t h e  s h o c k  v e lo c ity )  
b e c o m e s  c o m p a r a b le  t o  t h e  s h o c k  r a d iu s ,  t h e  s h o c k  c a n  n o  lo n g e r  b e  c o n ­
s id e re d  p la n e . P a r t i c l e s  in t e r a c t in g  w i th  a  s p h e r ic a l  s h o c k  lo se  s o m e  e n e rg y  
w h e n  t r a v e l l in g  d o w n s t r e a m  a n d  h a v e  t h e  p o s s ib i l i ty  o f  e s c a p in g  u p s t r e a m  o f  
t h e  sh o c k . A s  a  r e s u l t  t h e  a c c e le r a t io n  m e c h a n is m  c a n  b e  t o t a l l y / p a r t i a l l y  
q u e n c h e d .
In  o u r  t r e a t m e n t  o f  s h o c k  a c c e le r a t io n  w e  a d o p t  a  s im p lif ie d  a p p r o a c h  w h ic h  
h a s  b e e n  u s e d  s u c c e s s fu lly  b y  m a n y  o th e r s  (e .g . B o g d a n  &  V o lk  1983 ; L a g a g e  
&  C e s a r s k y  1983 ; V o lk  &  B ie r m a n n  1 9 8 8 ; B a l l  &  K ir k  1992 ; P r o th e r o e  &  
S ta n e v  1 9 9 8 ) a n d  w h ic h  is  o f te n  r e f e r r e d  t o  a s  t h e  “b o x ” m o d e l.
iln  t h e  fo llo w in g  s e c t io n  I  w ill o u t l in e  t h e  f u n d a m e n ta l s  o f  th i s  m o d e l  a n d  i t s  
a p p l i c a t io n s  to  s h o c k  a c c e le r a t io n  in  S N R s .
4.4 A Box M odel of Shock Acceleration
T h e  “b o x ” m o d e l  m a k e s  t h e  s im p lif ie d  a s s u m p t io n  t h a t  t h e  p a r t ic le s  b e ­
in g  a c c e le r a te d  a r e  u n i f o r m ly  d i s t r i b u t e d  in  a  “b o x ” e x te n d in g  o n e  d if fu s io n  
le n g th  e i th e r  s id e  o f  t h e  sh o c k . T h e  a c c e le r a te d  p a r t ic le s  h a v e  a  d if f e r e n t ia l  
e n e rg y  s p e c t r u m  N ( E )  a n d  g a in  e n e rg y  a t  a  r a t e  r accE .  H o w e v e r  p a r t ic le s  
c a n  a ls o  e s c a p e  f ro m  th e  c o n f in e s  o f  t h e  s h o c k  a t  a  r a t e  r esc.
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resu lts in the following description o f th e  acceleration:
J^[47Tp2/L ] +  ^  =  Q -  U2ivp2f. (4.16)
T h e  firs t; t e r m  o n  t h e  l e f t  r e p r e s e n t s  t h e  t i m e  r a t e  o f  c h a n g e  o f  t h e  n u m b e r  
o f  p a r t i c le s  in v o lv e d  i n  t h e  a c c e le r a t io n ,  t h e  s e c o n d  t e r m  r e p r e s e n ts  t h e  d i ­
v e r g e n c e  in  t h e  a c c e le r a t io n  m o m e n t u m  f lu x .  T h e  f i r s t  t e r m  o n  t h e  r i g h t  is  a  
g e n e r ic  s o u r c e  t e r m  w h ic h  c a n  r e p r e s e n t  p a r t i c le s  in j e c t e d  a t  t h e  s h o c k .  T h e  
l a s t  t e r m  in  t h e  e x p r e s s io n  is  t h e  f l u x  o f  p a r t i c l e s  a d v e c t e d  d o w n s t r e a m .
S u b s t i t u t i n g  f o r  <f> i n  t h e  a b o v e  e q u a t i o n  a n d  s im p l i f y i n g  w e  g e t  a  v e r s io n  o f  
t h e  b o x  m o d e l  a s  fo l lo w s :
B y  m a k i n g  t h e  f o l l o w i n g  a s s u m p t io n s ,  w e  c a n  s i m p l i f y  t h is  e q u a t i o n  f u r t h e r :
(4 .1 7 )
(4 .1 8 )
w h e r e
t.ace
Ui — (72 Ul — U2 Vl U2
(4 .1 9 )
(4.20)
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d f  Q Ux
dt 4tvp2L  L  1
which can be simplified to give
df(p)  = —~ ^ f { p ) d t
for momenta above injection.
(4.21)
(4.22)
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C h a p t e r  5  
P a r t i c l e  a c c e l e r a t i o n  i n  
s u p e r n o v a  r e m n a n t s  a n d  t h e  
B e l l - L u c e k  h y p o t h e s i s
5.1 Introduction
B e l l  a n d  L u c e k  ( 2 0 0 1 )  a n d  L u c e k  a n d  B e l l  ( 2 0 0 0 )  h a v e  p r e s e n t e d  n u m e r ic a l  
s im u l a t i o n s  s u g g e s t in g  t h a t  t h e  c o n v e n t io n a l  p r o c e s s  o f  p a r t i c l e  a c c e le r a t io n  
i n  s h o c k s , g e n e r a l l y  c a l l e d  d i f f u s iv e  s h o c k  a c c e le r a t io n ,  m a y  a ls o  r e s u l t  i n  s u b ­
s t a n t i a l  a m p l i f i c a t i o n  o f  t h e  h i g h l y  t a n g l e d  m a g n e t ic  f i e ld  a r o u n d  t h e  s h o c k .  
W e  n o t e  i n  p a s s in g  t h a t  t h is  h y p o t h e s is  p r o v id e s  a  c o n c r e t e  p h y s ic a l  m e c h a ­
n i s m  f o r  o n e  o f  t h e  m a n y  id e a s  o f  t h e  l a t e  F .  H o y l e  w h o  s p e c u la t e d  ( H o y le
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1960) t h a t  s t r o n g  in te r s t e l l a r  s h o c k s  m ig h t  c o n v e r t  m e c h a n ic a l  e n e rg y  in to  
r o u g h ly  e q u a l  a m o u n ts  o f  m a g n e t ic  f ie ld  e n e rg y , c o s m ic  r a y  e n e rg y  a n d  t h e r ­
m a l  e n e rg y . B e ll  a n d  L u c e k  s u g g e s t  t h a t  th i s  m a y  e n a b le  s t r o n g  s u p e rn o v a  
d r iv e n  s h o c k s  in  t h e  i n t e r s t e l l a r  m e d iu m  to  a c c e le r a te  p a r t ic le s  t o  e n e rg ie s  
w e ll b e y o n d  w h a t  a r e  c o n v e n t io n a l ly  h e ld  t o  b e  t h e  m a x im u m  re a l is t ic a l ly  
a t t a i n a b l e  e n e rg ie s  o f  a  fe w  t im e s  1 0 14eV  (e .g . L a g a g e  a n d  C e sa rsk y , 1 9 8 3 ).
T h e  B e l l -L u c e k  h y p o th e s i s  is  o f  g r e a t  in te r e s t  b e c a u s e  i t  is  o n e  o f  t h e  few  
s u g g e s t io n s  a s  t o  h o w  t h e  c o sm ic  r a y  p a r t ic le s  o f  e n e rg ie s  a t  a n d  a b o v e  th e  
“k n e e ” , lo c a te d  a t  a  few  t im e s  1 0 15 e V , c o u ld  b e  m a d e  in  t h e  G a la x y . I t  is 
th e re fo re  i m p o r t a n t  t o  d e te r m in e  w h a t  t h e  e x p e c te d  f o rm  o f  t h e  s o u rc e  e n e rg y  
s p e c t r u m  w o u ld  b e  a n d  w h e th e r  t h e  s l ig h t  b r e a k  in  t h e  o b s e rv e d  s p e c t r u m  
a t  t h e  “k n e e ” c a n  b e  a c c o u n te d  fo r  in  th i s  w ay . T h e r e  a r e  a ls o  in te r e s t in g  
im p l ic a t io n s  fo r  g a m m a  r a y  o b s e r v a t io n s  o f  S N R s  w i th  t h e  n e x t  g e n e r a t io n  
o f  im a g in g  a tm o s p h e r ic  C h e re n k o v  te le s c o p e s  s u c h  a s  H E S S . F o r  a n  in i t i a l  
e x a m in a t io n  o f  t h i s  p r o b le m  t h e  s o -c a lle d  “b o x ” m o d e ls  o f  p a r t i c l e  a c c e le r ­
a t io n  o ffe r e n o u g h  a c c u r a c y  a n d  h a v e  th e  g r e a t  a d v a n ta g e  o f  c o m p u ta t io n a l  
s im p lic i ty .
5.2 The Bell-Lucek hypothesis
B e ll a n d  L u c e k  p o i n t  o u t  t h a t  in  t h e  c o n v e n t io n a l  d if fu s iv e  s h o c k  a c c e le ra ­
t i o n  p i c tu r e  t h e  e n e rg y  d e n s i ty  o f  t h e  a c c e le r a te d  p a r t i c l e s  a t  a n d  n e a r  th e
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s h o c k  f r o n t  is  e x t r e m e l y  l a r g e ,  o f  o r d e r  t h e  t o t a l  r a m  p r e s s u r e  o f  t h e  in c o m ­
in g  p la s m a ,  a n d  t h u s  m u c h  l a r g e r  t h a n  t h e  e n e r g y  d e n s i t y  o f  t h e  m a g n e t ic  
f i e ld  ( t h e  r a t i o  o f  p a r t i c l e  e n e r g y  t o  f i e ld  e n e r g y  is  o f  o r d e r  t h e  s q u a r e  o f  t h e  
s h o c k  A l f v e n  M a c h  n u m b e r ) .  T h e  s t a n d a r d  t r e a t m e n t  o f  r e s o n a n t  w a v e  e x c i ­
t a t i o n ,  i n  w h ic h  t h e  p e r t u r b a t i o n s  o f  t h e  f i e ld  a r e  t r e a t e d  a s  A l f v e n  w a v e s  t o  
lo w e s t  o r d e r  a n d  t h e  i n t e r a c t i o n  w i t h  t h e  p a r t i c le s  a s  a  s m a l l  p e r t u r b a t i o n ,  
t h e r e f o r e  b e c o m e s  q u e s t io n a b le .  W i t h  t h e  s u p p o r t  o f  n u m e r i c a l  s im u la t io n s  
a n d  s i m p l i f i e d  a n a l y t i c  m o d e ls  t h e y  s u g g e s t  t h a t  i n  r e a l i t y  t h e  f i e ld  c a n  b e  
h i g h l y  d i s t o r t e d  b y  t h e  p a r t i c l e  p r e s s u r e  a n d  w o u n d  u p  t o  t h e  p o i n t  w h e r e  
a p p r o x i m a t e  e q u i p a r t i t i o n  h o ld s .
I f  t h is  a m p l i f i e d  a n d  d i s t o r t e d  f i e ld  is  t h e n  u s e d  t o  e s t i m a t e  t h e  p a r t i c l e  
d i f f u s io n  i n  t h e  s h o c k  n e ig h b o u r h o o d ,  a c c e le r a t io n  t o  s u b s t a n t i a l l y  h ig h e r  
e n e r g ie s  t h a n  i n  t h e  c o n v e n t io n a l  p i c t u r e  is  o b v io u s ly  p o s s ib le .  D e t a i l e d  es ­
t i m a t e s  a n d  s im p le  d i m e n s io n a l  a n a ly s is  a g r e e  t h a t  t h e  m a x i m u m  p a r t i c le  
r i g i d i t y  is  g iv e n ,  t o  o r d e r  o f  m a g n i t u d e ,  b y  t h e  p r o d u c t  o f  t h e  f i e ld  s t r e n g t h ,  
t h e  s h o c k  v e l o c i t y  a n d  t h e  s h o c k  r a d iu s ,  BRR. T h u s  t h e  in c r e a s e  is  d i r e c t l y  
p r o p o r t i o n a l  t o  t h e  in c r e a s e  i n  t h e  f i e ld  s t r e n g t h ,  w h ic h  b y  t h e  a b o v e  a r ­
g u m e n t  is  o f  o r d e r  t h e  A l f v e n  M a c h  n u m b e r  o f  t h e  s h o c k .  T h i s  c a n  e a s i ly  
b e  1 0 3  f o r  a  y o u n g  s u p e r n o v a  r e m n a n t  so  t h a t  t h e  e f fe c t  is  p o t e n t i a l l y  v e r y  
s ig n i f ic a n t ;  a c c e le r a t io n  t o  r i g i d i t i e s  o f  a  f e w  1 0 17  e V ,  r a t h e r  t h a n  t h e  1 0 14  e V  
n o r m a l l y  e s t i m a t e d ,  is  e a s i ly  p o s s ib le .
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5.3 Incorporating the Bell-Lucek effect in the  
“box” models
T o  g e t  a  f i r s t  e s t i m a t e  o f  t h e  e f fe c t  o f  s u c h  a  d y n a m i c a l l y  g e n e r a t e d  f ie ld  
o n  t h e  a c c e le r a t io n  w e  t u r n  t o  t h e  s im p le s t  t r e a t m e n t  o f  s h o c k  a c c e le r a t io n ,  
t h e  s o - c a l le d  “ b o x ” m o d e l .  I n  t h is  t h e  a c c e le r a t e d  p a r t i c le s  a r e  a s s u m e d  
t o  b e  m o r e  o r  le s s  u n i f o r m l y  d i s t r i b u t e d  t h r o u g h o u t  a  r e g io n  e x t e n d i n g  o n e  
d i f f u s io n  l e n g t h  e a c h  s id e  o f  t h e  s h o c k ,  a n d  t o  b e  a c c e le r a t e d  u p w a r d s  i n  
m o m e n t u m  s p a c e  a t  t h e  s h o c k  i t s e l f  w i t h  a n  a c c e le r a t io n  f l u x
4-7T r.
*(p ) =  y Z / M  ( t t  -  u2) (5.1)
p e r  u n i t  s u r f a c e  a r e a  w h e r e  f (p )  is  t h e  p h a s e  s p a c e  d e n s i t y  o f  t h e  a c c e le r a t e d  
p a r t i c le s  (a s s u m e d  t o  h a v e  a n  a lm o s t  i s o t r o p ic  d i s t r i b u t i o n ) .  I f  t h e  d i f f u s io n  
l e n g t h  u p s t r e a m  is  L\, a n d  t h a t  d o w n s t r e a m  is  L2, t h e n
I n »  *  i # ,  ( 5 . 2 )
U 1 U  2
w h e r e  Ki a n d  k2 a r e  t h e  u p s t r e a m  a n d  d o w n s t r e a m  d i f f u s io n  c o e f f ic ie n ts .  T o  
a  f i r s t  a p p r o x i m a t i o n  w e  a s s u m e  t h a t  b o t h  Li a n d  L2 a r e  s m a l l  r e l a t i v e  t o  
t h e  r a d iu s  o f  t h e  s h o c k  a n d  t h a t  w e  c a n  n e g le c t  e f fe c ts  o f  s p h e r ic a l  g e o m ­
e t r y  ( i n  f a c t  i t  is  n o t  t o o  d i f f i c u l t  t o  d e v e lo p  a  s p h e r ic a l  b o x  m o d e l ,  b u t  i t  
u n n e c e s s a r i ly  c o m p l ic a t e s  t h e  a r g u m e n t )  so  t h a t  t h e  b o x  v o lu m e  is  s im p l y
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A(Li +  L2) w h e r e  A  is  t h e  s u r fa c e  a r e a  o f  t h e  s h o c k .  T h e  b a s ic  “ b o x ” m o d e l  
e q u a t i o n  is  t h e n  s i m p l y  a  c o n s e r v a t io n  e q u a t i o n  f o r  t h e  p a r t i c le s  i n  t h e  b o x ;  
t h e  r a t e  a t  w h ic h  t h e  n u m b e r  in  t h e  b o x  c h a n g e s  is  g iv e n  b y  t h e  d iv e r g e n c e  
o f  t h e  a c c e le r a t io n  f l u x  i n  m o m e n t u m  s p a c e  p lu s  g a in s  f r o m  i n j e c t i o n  a n d  
a d v e c t io n  a n d  m in u s  a d v e c t iv e  lo s s e s  t o  t h e  d o w n s t r e a m  r e g io n .
r) Ad$>
m  [A(Li + L 2 ) W / ( p ) ]  + - g - =  AQ(P)  +  AFM  -  AF i ( p )  ( 6 -3 )
w h e r e  Q(p) is  a  s o u r c e  f u n c t io n  r e p r e s e n t in g  i n j e c t i o n  a t  t h e  s h o c k  ( o n ly  
i m p o r t a n t  a t  v e r y  lo w  e n e r g ie s ) ,  Fi is  a  f l u x  f u n c t i o n  r e p r e s e n t in g  a d v e c t io n  
o f  p r e - e x i s t i n g  p a r t i c l e s  i n t o  t h e  s y s t e m  f r o m  u p s t r e a m  ( n o r m a l l y  n e g le c t e d )  
a n d  F2 is  t h e  f l u x  o f  p a r t i c le s  a d v e c t e d  o u t  o f  t h e  s y s t e m  a n d  c a r r i e d  a w a y  
d o w n s t r e a m .  T h e  o n l y  c o m p l ic a t i o n  w e  h a v e  t o  c o n s id e r  is  t h a t  t h e  b o x  
is  t i m e - d e p e n d e n t ,  w i t h  f lo w  s p e e d s , s h o c k  a r e a  a n d  d i f f u s io n  le n g t h s  a l l  
c h a n g in g .
T h e  e s c a p in g  f l u x  is  d e t e r m i n e d  s i m p l y  b y  t h e  a d v e c t io n  a c ro s s  t h e  d o w n ­
s t r e a m  e d g e  o f  t h e  b o x ,  t h a t  is
F2(p) =  4np2f{p)  ( u 2 - (5.4)
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and th e  box equation  simplifies, ignoring the F] (p) term , to
( £ ,  +  L,) f  +  d- j ± l  +  ( £ , ,  +  L,) 9-ft  +  U J  +  ( t / ,  -  U2) ^
( 5 .5 )
5.4 Solution of the box equation
P a r t i a l  d i f f e r e n t i a l  e q u a t io n s  o f  t h is  f o r m  a lw a y s  r e d u c e ,  b y  t h e  m e t h o d  o f  
c h a r a c t e r is t i c s ,  t o  t h e  i n t e g r a t i o n  o f  t w o  o r d i n a r y  e q u a t io n s ,  o n e  f o r  t h e  c h a r ­
a c t e r i s t i c  c u r v e  in  t h e  p, t p la n e
dp  _  Ui - U 2p 
d t L\  +  ¿ 2  3
( 5 .6 )
a n d  o n e  f o r  t h e  v a r i a t i o n  o f  /  a lo n g  t h is  c u r v e
(L\ +  L2) - j j  +  /
T . 1  dA $Li  , '
( z , ‘ +  i 2 )  a H  +  ~at +  Ui
Q
Airp2
( 5 .7 )
A p a r t  f r o m  a t  t h e  i n j e c t i o n  m o m e n t u m  w e  c a n  s e t  Q =  0  a n d  w r i t e  t h e  a b o v e  
e q u a t i o n  as
d I n  /  _  1 dA  1  £> ¿ 1  UxU i
d t A dt L\ +  L2 dt L\ -j- L2 
B u t  t h e  s h o c k  a r e a  A  is  a  f u n c t io n  o n l y  o f  t i m e  s o  t h a t
a n d ,  a l t h o u g h  t h e  u p s t r e a m  d i f f u s io n  l e n g t h  d o e s  d e p e n d  011  b o t h  t i m e  a n d  
m o m e n t u m ,  i f  w e  a s s u m e  B o h m  s c a l in g  f o r  t h e  tw o  le n g t h s  s o  t h a t
U UB
( w h e r e  v  is  t h e  p a r t i c l e  v e l o c i t y )  w e  c a n  w r i t e
L o c ^  o c - ^ -  ( 5 . 1 0 )
Li 4 -  dt d t
w h e r e
1  8 L ,  _  ( 5  n )
L\ +  Z /2
( o b v io u s ly  0  <  -d <  1 ) .  F i n a l l y ,  n o t i n g  t h a t
Uy ZJJ\ d l n p
i) =  - -  ( 5 . 1 2 )
L\ +  Z /2  U\ — U2 d t
( 5 . 1 3 )
a n d  a s s u m in g  t h a t  t h e  c o m p r e s s io n  r a t i o  o f  t h e  s h o c k  is  f ix e d  e v e n  i f  t h e  
s h o c k  s p e e d  c h a n g e s ,  w e  c a n  s i m p l i f y  t h e  e q u a t i o n  t o
d I n  /  _  d in  A d h x j U M  3  Ux d \ n p
d t  d t  ^  d t  Ui — U 2 d t
w h ic h  in t e g r a t e s  t r i v i a l l y  t o  r e la t e  t h e  v a lu e  o f  /  a t  t h e  e n d  o f  o n e  o f  t h e  
c h a r a c t e r i s t i c  c u r v e s ,  s a y  a t  t h e  p o i n t  ( p i , i i ) ,  t o  t h e  v a lu e  a t  t h e  s t a r t ,  s a y
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at (to,po), as follows;
f ( t o , P o )
-3C7i /(C/i - ¡7 2)
A ( t o ) J  \ U i ( t 0) B i ( t 0) J  \ p 0 )
(5 .1 5 )
T h is  r a t h e r  b e a u t i f u l  r e s u l t  sh o w s  h o w  t h e  s t a n d a r d  t e s t  p a r t i c l e  p o w e r-  
la w  is  m o d if ie d  b y  w h a t  is  e s s e n t ia l ly  a  g e o m e tr ic a l  d i lu t i o n  e ffe c t a s  th e  
b o x  v o lu m e  c h a n g e s . T h e  a m p l i t u d e  v a r ie s  in v e r s e ly  a s  t h e  s h o c k  a r e a  a n d  
a ls o  d e c re a s e s  i f  t h e  u p s t r e a m  d if fu s io n  le n g th  ( a t  f ix e d  e n e rg y )  in c re a s e s , 
b u t  w i th  a n  e x p o n e n t  b e tw e e n  z e ro  a n d  o n e  d e te r m in e d  b y  t h e  r a t i o  o f  th e  
u p s t r e a m  d if fu s io n  le n g th  t o  t h e  t o t a l  w id th  o f  t h e  d if fu s io n  re g io n . I t  is 
v e ry  in te r e s t in g  t h a t  t h e  r e s u l t  is  n o t  s im p ly  a  v a r i a t io n  in v e r s e ly  a s  th e  
b o x  v o lu m e , w h ic h  o n e  m ig h t  n a iv e ly  e x p e c t .  T h is  r e f le c ts  t h e  f u n d a m e n ta l  
a s y m m e t r y  b e tw e e n  t h e  u p s t r e a m  a n d  d o w n s t r e a m  re g io n s ,  t h a t  u p s t r e a m  is  
e m p ty  o u ts id e  t h e  d if fu s io n  r e g io n  w h e re a s  t h e  e n t i r e  d o w n s t r e a m  re g io n  is 
f i l le d  w i th  a c c e le r a te d  p a r t ic le s .
I f  w e a s s u m e  p u r e  B o h m  s c a l in g  th e  o th e r  d if f e n t ia l  e q u a t io n  is  a ls o  in te g r a b le  
so  t h a t  t h e  p r o b le m  is  r e d u c e d  e n t i r e ly  t o  q u a d r a tu r e s  (o f  c o u rs e  o n ly  w i th in  
th e  v a r io u s  a p p r o x im a t io n s  w e  a r e  m a k in g ;  b u t  s t i l l  a  r e m a r k a b le  r e s u l t ) .  
B o h m  s c a l in g  im p lie s  t h a t  t h e  m e a n  f re e  p a t h  is  o f  o r d e r  a n d  p r o p o r t io n a l  
to  t h e  p a r t i c l e  g y r o r a d iu s ,  so  t h a t  i f  t h e  p a r t i c l e  c h a rg e  is  e
(5 .1 6 )
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w h e re  a  is  a  d im e n s io n le s s  p a r a m e te r  ( p r o b a b ly  o f  o r d e r  t e n ) .  S u b s t i t u t i n g  
in  t h e  e q u a t io n  o f  t h e  c h a r a c te r i s t i c  w e  g e t
4 ?  =  -  ( t f i  -  U 2) U \ e B \  
a t  a
(5 .1 7 )
a n d  n o t in g  t h e  r e l a t iv i s t i c  id e n t i ty  b e tw e e n  k in e t ic  e n e rg y  T ,  m o m e n tu m  p  
a n d  v e lo c i ty  v ,
w e c a n  in t e g r a t e  t h i s  a s
F o r  r e l a t iv i s t i c  p a r t i c l e s  t h e  k in e t ic  e n e rg y  a n d  th e  m o m e n tu m  a re  e s s e n t ia l ly
T h e s e  tw o  in te g r a l s  t o g e th e r  r e d u c e  t h e  p r o b le m  o f  c a lc u la t in g  th e  f in a l s p e c ­
t r u m  t o  t h a t  o f  d e te r m in in g  th e  i n i t i a l  a m p l i tu d e  / ( t 0 ,P o )  w h ic h  in  t u r n  
d e p e n d s  o n  th e  in je c t io n  r a t e  a n d  i t s  t im e  d e p e n d e n c e .
5.5 The injection rate
T h e r e  a r e  tw o  m a in  a p p r o a c h e s  t o  t h e  in je c t io n  r a t e .  T h e  s im p le s t ,  w h ic h  
is  p e r h a p s  m o r e  c o n s is te n t  w i th  t h e  t e s t  p a r t i c l e  a p p r o a c h ,  is  t o  s im p ly  
p a r a m e t r i s e  i t  b y  a s s u m in g  t h a t  s o m e  f r a c t io n  o f  t h e  in c o m in g  th e r m a l  p a r -
(5 .1 9 )
in te r c h a n g e a b le  w i th  T  =  c y V ^  +  m 2*:2 — m e 2 «  cp.
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t i d e s  a r e  “in je c te d ” a s  n o n - th e r m a l  p a r t i c l e s  a t  s o m e  s u i t a b ly  c h o s e n  “in je c ­
t i o n  m o m e n tu m ” w h ic h  s e p a r a te s  t h e  t h e r m a l  p a r t i c l e  p o p u la t i o n  f ro m  th e  
n o n - th e r m a l .  In  o th e r  w o rd s  o n e  w r i te s
Q ( p , t )  =  r i ( t ) r n U i 6 ( p  -  p ini{ t ) )  (5 .2 0 )
w h e re  n \  is  t h e  u p s t r e a m  th e r m a l  p a r t i c l e  n u m b e r  d e n s ity , 77 1 is  th e
in je c t io n  f r a c t io n ,  p inj is  t h e  in je c t io n  m o m e n tu m  a n d  a s  u s u a l  8 is  D i r a c ’s 
d e l t a  d i s t r i b u t io n .  I t  s h o u ld  b e  c le a r  t h a t  t h i s  is  a  p a r a m e t r i s a t i o n  r a t h e r  
t h a n  a  t r u e  in je c t io n  m o d e l ,  h o w e v e r  i t ,  o r  e q u iv a le n t  p a r a m e t r i s a t i o n s ,  h a v e  
b e e n  v e ry  w id e ly  u s e d , ty p ic a l ly  w i th  77 t a k e n  to  b e  a  c o n s t a n t  o f  o r d e r  1 0 - 5
t o  10 - 4  fo r  p r o to n s  a n d  p jnj ~  l 0 m p Ui  w h e re  m p is  t h e  p r o to n  m a s s .  H o w ev e r
th e r e  is  n o  r e a l  j u s t i f i c a t io n  fo r  t h i s  a p a r t  f ro m  th e  f a c t  t h a t  i t  s e e m s  to  y ie ld  
r e a s o n a b le  r e s u l t s  in  m a n y  c a se s .
W i t h  t h e  a b o v e  p a r a m e t r i s a t i o n  t h e  d i s t r i b u t i o n  f u n c t io n  j u s t  a b o v e  th e  in ­
j e c t i o n  e n e rg y  c a n  b e  s im p ly  d e te r m in e d  b y  e q u a t in g  th e  a c c e le r a t io n  f lu x  to  
t h e  in je c t io n  f lu x ,
- p  {Ui -  u2) /(p toj) =  ijnf/, (5.21)
g i v i n g
'<*>> “ ( 5 ' 2 2 )
T h e  s e c o n d  a p p r o a c h  a d o p t s  t h e  id e a ,  w h ic h  c a n  b e  t r a c e d  b a c k  t o  t h e  e a r ly  
w o rk  o f  E ic h le r ,  t h a t  t h e  in je c t io n  p ro c e s s  is  in h e r e n t ly  e x t r e m e ly  e ffic ien t
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b u t  t h a t  v a r io u s  f e e d b a c k  p ro c e s s e s  o p e r a t e  t o  r e d u c e  i t  t o  t h e  p o i n t  w h e r e  
t h e  a c c e le r a t e d  p a r t i c l e s  c a r r y  a  s ig n i f i c a n t  p a r t  o f  t h e  e n e r g y  d is s ip a t e d  i n  
t h e  s h o c k .  P r o b a b l y  t h e  m o s t  s o p h is t ic a t e d  m o d e r n  v e r s io n  o f  t h is  id e a  is  
t o  b e  f o u n d  i n  t h e  p a p e r s  b y  M a i k o v  ( r e f s ) .  T h i s ,  o r  s o m e t h in g  s i m i l a r ,  is  
i n  f a c t  r e q u i r e d  f o r  t h e  B e l l - L u c e k  h y p o t h e s is  t o  o p e r a t e  b e c a u s e  i t  r e q u i r e s  
t h e  a c c e le r a t e d  p a r t i c l e  e n e r g y  d e n s i t y  t o  b e  s u b s t a n t i a l  a n d  o f  o r d e r  t h e  
r a m  p r e s s u r e  o f  t h e  u p s t r e a m  f lo w .  F o r  a  s t a n d a r d  s p e c t r u m  c lo s e  t o  p ~ 4 
t h e  e n e r g y  is  a lm o s t  u n i f o r m l y  d i s t r i b u t e d  p e r  l o g a r i t h m i c  i n t e r v a l  o v e r  t h e  
r e l a t i v i s t i c  p a r t  o f  t h e  s p e c t r u m .  T h i s  s u g g e s ts  t a k i n g  a  r e fe r e n c e  m o m e n t u m  
i n  t h e  t r a n s r e l a t i v i s t i c  r e g io n ,  p0 & me,  a n d  d e t e r m i n i n g  /  b y  a  r e l a t i o n  o f  
t h e  f o r m
^ / ( p o ) m c 2 «  P p U y  ( U ,  -  U2) (5 .2 3 )
w h e r e  ¡3 is  a  n u m b e r  w h ic h  d e p e n d s  l o g a r i t h m i c a l l y  o n  t h e  u p p e r  c u t - o f f  a n d  
w h ic h  f o r  s u p e r n o v a  r e m n a n t s  is  p r o b a b l y  s o m e w h e r e  b e t w e e n  1 0 - 1  a n d  1 0 - 2 .
I t  s h o u ld  b e  n o t e d  t h a t  v e r y  l i t t l e  w o r k  h a s  b e e n  d o n e  o n  t h e  p r o b le m  o f  
e le c t r o n  i n j e c t i o n ,  d e s p i t e  i t s  o b v io u s  i m p o r t a n c e  f o r  o b s e r v a t io n a l  te s t s .
5.6 Application to the Sedov solution
L e t  u s  n o w  a p p l y  t h e s e  id e a s  t o  t h e  S e d o v  s o lu t io n  (a ls o  s t u d ie d  b y  T a y l o r  
a n d  v o n  N e u m a n n )  f o r  a  s t r o n g  s p h e r ic a l  e x p lo s io n  i n  a  c o ld  g a s  w h e r e  t h e  
s h o c k  r a d iu s  r oc t 2 / 5  a n d  t h e  s h o c k  v e l o c i t y  d e c r e a s e s  a s  U <x t - 3 / 5 . O n  t h e
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B e ll-L u c e k  h y p o th e s i s  t h e  m a g n e t ic  f ie ld  a ls o  s c a le s  a s  t h e  s h o c k  v e lo c ity , 
B  oc t ~ 3/ 5 a n d  th u s  t h e  c h a r a c te r i s t i c  a c c e le r a t io n  c u rv e s  a r e  g iv e n  b y
T i  — T 0 oc I  V i  -  U2) U xB d t  oc /  ' r ^ bd t  cx i ^ 4/5  -  i ^ 4 /5 . (5 .2 4 )
J t$ J ¿0
T h e s e  c u rv e s  a l l  r is e  e x t r e m e ly  s te e p ly ,  r e p r e s e n t in g  a n  in i t i a l  p h a s e  o f  r a p id  
a c c e le r a t io n ,  t u r n  o v e r  a n d  th e n  b e c o m e  a s y m p to t i c a l ly  f la t .  P h y s ic a l ly  i t  is  
c le a r  t h a t ,  a s  t h e  s h o c k  s lo w s a n d  t h e  f ie ld  d ro p s ,  t h e  h ig h  e n e rg y  p a r t ic le s  
c e a se  t o  b e  s ig n i f ic a n t ly  a c c e le r a te d  a n d  s im p ly  d iffu se  f u r th e r  a n d  f u r th e r  
in  f r o n t  o f  t h e  sh o c k . I n  f a c t  in  r e a l i t y  t h e y  s h o u ld  p r o b a b ly  b e  th o u g h t  
o f  a s  d e c o u p l in g  f ro m  th e  s h o c k  a n d  f o r m in g  p a r t  o f  t h e  g e n e ra l  in t e r s t e l l a r  
p o p u la t i o n  a t  t h i s  p o in t ,  b u t  w i th in  t h e  b o x  m o d e l  t h e y  s im p ly  fill a  s te a d i ly  
g ro w in g  u p s t r e a m  re g io n . W e  w ill  r e t u r n  t o  t h i s  p o in t  l a te r .
A  v e ry  i m p o r t a n t  a s p e c t  o f  t h e  c u rv e s  is  t h a t  t h e y  u n iq u e ly  r e la te  f in a l e n e r ­
g ie s  (o r  e q u iv a le n t ly  m o m e n ta )  t o  s t a r t i n g  t im e s .  A s y m p to t ic a l ly  t h e  r e l a t io n  
is  a  s im p le  p o w e r- la w ; fo r  T \  T 0 a n d  t 0 t i  w e  h a v e  s im p ly
Pi  oc T i oc t ^ 5 , ¿o oc p i 5|/4. (5 .2 5 )
U s in g  t h i s  w e  c a n  t r a n s l a t e  t h e  g e o m e t r ic a l  d i lu t io n  f a c to r s  t o  a d d i t io n a l  
p o w e r- la w  te r m s  in  t h e  f in a l  m o m e n tu m . E x p lic i t ly ,  a  g iv e n  f in a l  m o m e n tu m
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m aps to  a s ta r tin g  radius
ro a  ¿o^ oc p x 1^ 2 (5.26)
a n d  th u s  t h e  s u r f a c e  a r e a  f a c t o r  t r a n s l a t e s  t o  a  p l f a c t o r ,
( S f “ * 1 ( 5 -2 7 >
S i m i l a r l y ,  t h e  f a c t o r  d e r i v i n g  f r o m  t h e  u p s t r e a m  d i f f u s io n  s c a le  d e p e n d s  o n  
t h e  s h o c k  v e l o c i t y
U oc r 3 / 5  oc r f / 4  ( 5 . 2 8 )
a n d  t h e  m a g n e t ic  f i e ld ,  w h ic h  o n  t h e  B e l l - L u c e k  h y p o t h e s is  s c a le s  a s  U,  g i v i n g  
a n o t h e r  p3/ 4 f a c t o r ,  a l l  r a is e d  t o  t h e  p o w e r  d g i v i n g  a  f i n a l  f a c t o r
<xP;™'2 ( 5 .2 9 )
F i n a l l y ,  w e  n e e d  t o  d e t e r m i n e  t h e  i n i t i a l  a m p l i t u d e  o f  /  f r o m  a n  i n j e c t i o n  
m o d e l .  I f  w e  u s e  t h e  77 p a r a m e t r i s a t i o n
Pin j =PoOcU(t0) oc p3/ 4 ( 5 . 3 0 )
a n d
/o  oc r)npo3. ( 5 .3 1 )
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A s s u m in g  t h e  s t a n d a r d  s h o c k  c o m p r e s s io n  U1/U 2 — 4  s o  t h a t  3U\f(U\ — £ /2 ) =
4  w e  t h u s  g e t ,  a t  f i x e d  i  1 a n d  v a r y i n g  t h e  f i n a l  e n e r g y  o r  m o m e n t u m  p\,
f ( p i )  oc rjn0po3A(t0)  [ i / i ( i 0 ) JB i ( i 0 ) ] “ ,? oc ( 5 -3 2 )
s o  t h a t ,  i f  7/  is  c o n s t a n t ,  t h e  s lo p e  is  s te e p e n e d  f r o m  t h e  c a n o n ic a l  v a lu e  o f  4  
t o
4 . 2 5 + — . ( 5 . 3 3 )
I f  w e  u s e  t h e  a l t e r n a t i v e  “ e q u i p a r t i t i o n ”  a r g u m e n t  t h a t  f 0 s h o u ld  b e  d y n a m i ­
c a l l y  d e t e r m i n e d  in  t h e  t r a n s r e l a t i v i s t i c  r e g io n  w e  h a v e  p0 ~  me in d e p e n d e n t
o f  pi a n d
f (p0) oc Uf  oc r~3 oc p3/ 2 ( 5 . 3 4 )
g iv in g
f(pi)  oc ( 5 -3 5 )
so t h a t  t h e  s lo p e  is  n o w
I t  is  i n t e r e s t in g  t h a t  b e c a u s e  o f  t h e  s t r o n g  i n j e c t i o n  a t  e a r l y  t im e s  t h is  m o d e l  
c a n  e v e n ,  i f  $  <  1 / 3 ,  l e a d  t o  a  s l i g h t  f l a t t e n i n g  o f  t h e  s p e c t r u m .  H o w e v e r ,  
e s p e c ia l ly  a t  h ig h  e n e r g ie s ,  i t  is  u n l i k e l y  t h a t  t h e  u p s t r e a m  d i f f u s io n  r e g io n  
c o u ld  b e  s o  s m a l l  a n d  a  m o d e s t  s t e e p e n in g  o f  t h e  s p e c t r u m  is  m o r e  l ik e ly .
T h e s e  r e s u l t s  r e f e r  o f  c o u r s e  o n l y  t o  t h e  a s y m p t o t i c  b e h a v io u r  o f  t h e  h ig h
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e n e r g y  p a r t  o f  t h e  s p e c t r u m .  A s  p\  is  d e c r e a s e d  t h e r e  c o m e s  a  p o i n t  w h e r e  io  
is  n o  lo n g e r  s m a l l  r e l a t i v e  t o  ty. A t  t h is  p o i n t  a l l  v a lu e s  o f  t h e  f i n a l  m o m e n ­
t u m  m a p  d o w n  t o  a  s m a l l  a p p r o x i m a t e l y  c o n s t a n t  r e g io n  a n d  t h e  s p e c t r u m  
b e c o m e s  s im p l y  t h e  s t a n d a r d  p - 4  s p e c t r u m .  T h e  c o n c lu s io n  t h e r e f o r e  is  t h a t  
o n  t h e  B e l l - L u c e k  h y p o t h e s is  t h e  s p e c t r u m  a c c e le r a t e d  b y  a  S e d o v - l ik e  s h o c k  
s h o u ld  e x h i b i t  a  s p e c t r a l  b r e a k  a t  t h e  e n e r g y  d e t e r m i n e d  b y  t h e  c u r r e n t  
a c c e le r a t io n  c u t - o f f  e n e r g y  b e lo w  w h ic h  o n e  o b s e r v e s  t h e  s t a n d a r d  s h o c k  a c ­
c e l e r a t i o n  s p e c t r u m ,  b u t  a b o v e  w h ic h  a  s l i g h t l y  d i f f e r e n t  p o w e r - l a w  c o n t in u e s  
t o  h ig h e r  e n e r g ie s .
5.7 Conclusions
O b v i o u s l y  f u r t h e r  a n d  m o r e  d e t a i l e d  w o r k  is  n e e d e d ,  b u t  i t  is  v e r y  e n c o u r a g ­
in g  t h a t  e v e n  s u c h  a  s im p le  m o d e l  c a n  p r o d u c e  s p e c t r a  r e m a r k a b l y  c lo s e  t o  
t h e  i n f e r r e d  c o s m ic  r a y  s o u r c e  s p e c t r u m  t h r o u g h  t h e  “k n e e ” r e g io n .  I n  f a c t  
w e  a r e  n o t  a w a r e  o f  a n y  o t h e r  a c c e le r a t io n  m o d e l  t h a t  c a n  n a t u r a l l y  p r o d u c e  
a  b r e a k  o f  t h e  r i g h t  m a g n i t u d e  ( a b o u t  0 .5  i n  t h e  e x p o n e n t )  a t  t h e  r i g h t  p o s i ­
t i o n  ( m o d u l o  m a j o r  u n c e r t a in t i e s  i n  i n t e r s t e l l a r  p r o p a g a t i o n  a t  th e s e  e n e r g ie s  
o f  c o u r s e ) .
M a i k o v  e t  a l .  ( 2 0 0 0 )  r e c e n t l y  s u g g e s te d  a  s o - c a l l e d  s e l f - o r g a n is e d  c r i t c a l  
( S O C )  le v e l ,  w h e r e b y  t h e  s h o c k  m o d i f i c a t io n  f o l lo w s  r a t h e r  a b r u p t l y  a f t e r  t h e  
m a x i m u m  m o m e n t u m  h a s  p a s s e d  t h r o u g h  t h e  c r i t i c a l  v a lu e ,  so  t h a t  c r u c ia l
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a c c e le r a t io n  p a r a m e t e r s  s u c h  a s  t h e  m a x i m u m  m o m e n t u m  a n d  i n j e c t i o n  r a t e  
a r e  d r i v e n  b a c k  t o  t h e i r  c r i t i c a l  v a lu e s ,  l i m i t i n g  s h o c k  m o d i f i c a t io n  a n d  s e t t i n g  
i t  a t  s o m e  m a r g i n a l  le v e l .  (S e e  a ls o  J o n e s  2 0 0 0 ;  M a i k o v  &  D r u r y  2 0 0 1 ;  M a i k o v
&  D i a m o n d  2 0 0 1 ,  f o r  m o r e  d is c u s s io n s  o f  t h e  c r i t i c a l  i n t e r r e l a t i o n  b e t w e e n  
t h e  i n j e c t i o n ,  m a x i m u m  e n e r g y  a n d  s h o c k  s t r u c t u r e ) .
M a i k o v  e t  a l .  ( 2 0 0 1 )  a ls o  a d d r e s s e d  t h e  is s u e  o f  p a r t i c l e  a c c e le r a t io n  b y  
S N R s  in  a n  a t t e m p t  t o  d e t e r m i n e  w h a t  h a p p e n s  t o  t h e  p a r t i c l e  s p e c t r u m  
p r o v id e d  t h e  a c c e le r a t io n  is  in d e e d  f a s t  e n o u g h  t o  a c c e s s  T e V  e n e r g ie s  o v e r  
t h e  l i f e t i m e  o f  t h e  S N R s  in  q u e s t io n ,  a n d  s u g g e s te d  a  p o s s ib le  r e a s o n  f o r  t h e  
la c k  o f  d e t e c t io n  o f  T e V  p r o t o n s  in  S N R s .
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C h a p t e r  6
D i s c u s s i o n  a n d  F u t u r e  W o r k
I t  a p p e a r s  t h a t  S N R  s h o c k s  i n  t h e  w in d s  f r o m  s u p e r n o v a  p r o g e n i t o r  s ta r s  
c a n  p r o d u c e  p a r t i c le s  a t  l e a s t  u p  t o  t h e  “ k n e e ” o f  t h e  o b s e r v e d  C R  s p e c ­
t r u m .  M o s t  s u c c e s s fu l  o b s e r v a t io n s  h a v e  b e e n  m a d e  f o r  C R  e le c t r o n s .  M a n y  
S N R s  a r e  o b s e r v e d  b y  r a d i o  s y n c h r o t r o n  r a d i a t i o n  d u e  t o  r e l a t i v i s t i c  e le c ­
t r o n s  g y r a t i n g  a r o u n d  a  m a g n e t ic  f ie ld ,  i n  s o m e  r e m n a n t s ,  t h is  s y n c h r o t r o n  
r a d i a t i o n  e x t e n d s  t o  X - r a y s ,  e .g .  S N  1 0 0 6  w h ic h  e m i t s  s y n c h r o t r o n  X - r a y  r a ­
d i a t i o n  a t  t w o  b r i g h t  r im s  w h e r e  t h e  X - r a y  e n e r g y  s p e c t r u m  is  a  p o w e r - l a w ,  
a  t y p i c a l  s ig n a t u e r  o f  s y n c h r o t r o n  e m is s io n .  T h e  m a x i m u m  e le c t r o n  e n e r g y  
e m i t t i n g  t h is  r a d i a t i o n  w a s  e s t i m a t e d  t o  b e  1 0 0  T e V ,  c o n s is t e n t  w i t h  t h e  p r e ­
d ic t io n s  o f  t h e  s t a n d a r d  m o d e l .  R e l a t i v i s t i c  e le c t r o n s  c a n  a ls o  b e  d e t e c t e d  
i n  7 - r a y s  b y  n o n t h e r m a l  B r e m s s t r a h lu n g  a n d  b y  in v e r s e  C o m p t o n  s c a t t e r in g  
o f  t h e  c o s m ic  m ic r o w a v e  b a c k g r o u n d  r a d i a t i o n .  T h e  T e V  7 - r a y s  f r o m  S n
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1006  d e te c te d  b y  th e  C A N G A R O O  e x p e r im e n t  a re  b e lie v e d  to  b e  d u e  to  th e  
in v e rse  C o m p to n  s c a t t e r e d  c o sm ic  m ic ro w a v e  b a c k g r o u n d  r a d i a t i o n  f ro m  40 
T e V  e le c t r o n s  (T a n io m o r i  e t  a l. 1 9 9 8 ) . D e te c t io n  o f  C R  p r o to n s  in  S N R s  
h o w e v e r , h a s  b e e n  d is c o u r a g in g  to  d a t e .  R e la t iv i s t i c  p r o to n s  c o ll id e  w i th  th e  
IS M  a n d  e m i t  7 - r a y s  v ia  p io n  d e c a y . A c c o rd in g  to  t h e o r e t i c a l  e s t im a te s ,  th e  
d e te c t io n  o f  p io n  d e c a y  g a m m a - r a y s  f ro m  n e a r b y  S N R s  m a y  b e  d if f ic u lt  w ith  
c u r r e n t  d e te c to r s  b u t  n o t  im p o s s ib le  ( D r u r y  e t  a l. 1 9 9 4 , B e re z h k o  &  V o lk  
2 0 0 0 ). I n  m a n y  c a s e s , g a m m a - r a y  o b s e r v a t io n s  h a v e  o n ly  g iv e n  u p p e r  l im i ts  
w i th o u t  a n y  p o s i t iv e  d e te c t io n s .
I t  is  t h o u g h t  t h a t  i f  s o m e  o f  t h e  u n id e n t i f ie d  E G R E T  s o u rc e  d e te c t io n s  t u r n  
o u t  t o  b e  o f  g a m m a - r a y s  e m i t t e d  in  t h e  e n v iro n s  o f  r e m n a n t  s h e lls , t h e n  
7 - r a y  e m i t t e r s  m y s t  b e  a  m in o r i ty  o f  r e m n a n t s ,  p o s s ib ly  m o s t ly  y o u n g , g iv e n  
t h a t  t h e y  c a n n o t  p r o d u c e  io n s  a b o v e  a  few  T e V . R e m n a n ts  t h a t  p ro v id e  
C R s  u p  t o  t h e  k n e e  in  t h e  s p e c t r u m  m u s t  th e r e f o r e  b e  a  g a m m a - r a y  q u ie t  
m a jo r i ty .  A l te r n a t iv e ly ,  i f  f lu x e s  o f  s h e ll  o r ig in  a r e  w e ll b e lo w  E G R E T  a n d  
W h ip p le ’s f lu x  s e n s i t iv i t ie s ,  t h e n  t h e  n o t io n  t h a t  s h e l l - t y p e  r e m n a n ts  a re  
s im u l ta n e o u s ly  g a m m a - r a y  b r ig h t  a n d  p ro lif ic  p r o d u c e r s  o f  C R s  b e c o m e s  
te n a b le .  I t  h a s  th e r e f o r e  b e c o m e  e v id e n t  t h a t  t h e  W h ip p le  a n d  H E G R A  
u p p e r  l im i t s  h a v e  n o t  d e s t r o y e d  th e  h y p o th e s i s  t h a t  s h o c k s  in  s h e l l - ty p e  
r e m n a n ts  e n e rg iz e  t h e  p a r t ic le s  r e s p o n s ib le  fo r  t h e  g a m m a - r a y  e m is s io n , b u t  
r a t h e r  h a v e  p r o v id e d  a  p o w e rfu l  to o l  fo r  c o n s t r a in in g  o u r  u n d e r s t a n d in g  (e .g . 
B a r in g  e t  a l . 1 9 9 7 ) . G iv e n  d e te c t io n s  o f  S n  1006  b y  C A N G A R O O , i t  is 
e x p e c te d  t h a t  in  f u tu r e ,  c o u p le d  T e V /s u b - G e V ,  M e V  a n d  X - r a y  o b s e rv a t io n s
w i l l  r e f in e  o u r  u n d e r s t a n d i n g  o f  g a m m a - r a y  S N R s .
T h e  la c k  o f  p r o t o n  d e t e c t io n  c a l ls  f o r  f u r t h e r  im p r o v e m e n t s  o n  t h e o r e t i c a l  
m o d e l l i n g  a n d  n u m e r i c a l  c a lc u la t io n s  a s  w e l l  a s  e x p e r i m e n t a l  s e n s i t i v i t y .  A  
t r u e  p r o g r e s s  in  m o d e l l i n g  p a r t i c l e  a c c e le r a t io n  i n  a c t u a l  s o u rc e s  r e q u i r e s  a  
f u l l  p l a s m a  n o n - l i n e a r  d e s c r ip t io n ,  i n c l u d i n g  f e e d b a c k  o f  a c c e le r a t e d  p a r t i c le s  
a t  t h e  t u r b u l e n t  w a v e  f ie ld s  n e a r  t h e  s h o c k  w a v e ,  f lo w  m o d i f i c a t i o n  c a u s e d  
b y  t h e  C R s  p l a s m a  p r e - s h o c k  c o m p r e s s io n  a n d ,  o f  c o u r s e ,  t h e  a p p r o p r ia t e  
b o u n d a r y  c o n d i t io n s .
I t  is  h o p e d  t h a t  t h e  a d v e n t  o f  m o r e  s e n s i t iv e  g r o u n d - b a s e d  d e t e c t o r s  s u c h  as  
t h e  H E S S  a r r a y ,  w i l l  p r o v id e  a n  e x p e r i m e n t a l  b a s is  f o r  a n  i m p r o v e d  u n d e r ­
s t a n d i n g  o f  t h e  a c c e le r a t io n ,  p r o p a g a t i o n  a n d  i n t e r a c t io n s  o f  t h e  n o n t h e r m a l  
p o p u la t i o n s  o f  p a r t i c l e s  d is c u s s e d  a b o v e .  A t  t h is  t i m e  o n l y  a  h a n d f u l  o f  T e V  
g a m m a - r a y  s o u rc e s  h a v e  b e e n  e s t a b l is h e d .  E x a m p l e s  i n l u d e  a  f e w  a c t iv e  
g a la x ie s ,  a  f e w  s u p e r n o v a  r e m n a n t s ,  a n d  p u l s a r  n e b u la e .  W i t h  s u c h  s m a l l  
s a m p le s ,  a n d  d a t a  s e ts  o f  v e r y  l i m i t e d  s t a t i s t i c a l  p r e c is io n ,  i t  is  d i f f i c u l t  t o  
im p o s s ib le  t o  d i f f e r e n t i a t e  b e t w e e n  g e n e r ic  f e a t u r e s  o f  t h e  s o u rc e s  a n d  t h e  a c ­
c e l e r a t i o n  m e c h a n is m s ,  a n d  s p e c i f ic  c h a r a c t e r is t i c s  o f  i n d i v i d u a l  o b je c t s .  T h e  
g o a l  o f  i n s t r u m e n t s  s u c h  a s  H E S S  is  t o  d e t e c t  a  s u f f ic ie n t  n u m b e r  o f  s o u rc e s  
o f  e a c h  t y p e  t o  a l l o w  a  m e a n i n g f u l  t a x o n o m y  o f  s o u rc e s  a n d  a  c la s s i f ic a t io n  
o f  t h e  a c c e le r a t io n  m e c h a n is m s .
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A p p e n d ix  A
# include <std io .h>
# include <math.h>
double tsw , xsw, UO, BO;
/*  g lob a l constants fo r  simple SNR model * /
FILE *fp;
double rk4(double y, double dydx, double x , double h ) ;
/*  does one rk4 s tep  * /
void  rkdumb(double y s t a r t ,  double x s ta r t ,  double xend, in t  n s t e p ) ; 
/*  takes nsteps of rk4 from x s ta r t  to  xend */
/ * --------------------------------------------------------------------------------------------------------------------------------------
With y= ln (p ) ,  x = ln (t )  the ODE to  in teg r a te  i s  
{dy\over dx} = { t \o v e r  3> {U_l-U_2\over L_1 +L_2}
\propto U~2 B { t \o v e r  p>
with t=exp(x) and U and B given fu n ction s  of t .
The const i s  of order 3 10~4 i f  we measure t  in years , p in eV/c 
U in  km/s and B in  nT g iv in g  f a s t  i n i t i a l  a cce le ra t io n  to
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about i(T  17 eV
-------------------------------------------------------------------------------------------------------------------------------------------* /
double der ivs(doub le  x, double y)
double t ,  p, U, B; 
t  = exp(x*M_LN10); 
p = exp(y*M_LN10);
/*  For the moment ju s t  use very simple model fo r  U1 = Shock speed 
and am plified  magnetic f i e l d  B */  
i f  ( tc tsw  )
{U = UO;
B = BO;} 
e l s e
{U = UO * exp(-0.6*(x-xsw)*M_LN10);
B = BO * U/UO;} 
return 30000.0*U*U*B*t/p;
/*  Algorithm rk4 to  perform one s tep  o f in te g r a t io n  * /  
double rk4(double y , double dydx, double x , double h)
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double xh, hh, h6, dym, dyt, y t ,  yout;
h h  =  h  *  0 . 5 ;  
h 6  =  h  /  6 . 0 ;  
x h  = x + h h ;
yt = y + hh * dydx; /*  F ir s t  s tep  * /  
dyt = d er iv s(x h , y t ) ; /*  Second step  * /  
yt = y + hh * dyt;
dym = d er iv s(x h , y t ) ; /*  Third s tep  * /  
y t  = y + h * dym; 
dym += dyt;
dyt = d e r iv s (x  + h, y t ) ; /*  Fourth step  * /
return yout = y + h6*(dydx + dyt + 2 .0  * dym); / *  Adding increments * /
/*  Driver routin e  rkdumb th at takes nstep RK4 s tep s  from x s ta r t  to  xend * /  
void  rkdumb(double y s t a r t ,  double x s t a r t ,  double xend, in t  nstep)  
in t  k;
double x , y, dydx, yout, h; 
y = y s ta r t ;
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x = x s ta r t ;  
while(x<xend)
dydx = d e r iv s (x ,  y ) ; 
h = 0 .1/dydx;  
i f  (h>0.2) {h=0. 2 ;} ;  
y = r k 4 (y , dydx, x , h) ; 
x += h;
f p r in t f ( f p ,  "‘/.If %lf\n", x, y ) ;
in t  mainO 
in t  i ,  nstep;
double y s t a r t ,  x s t a r t ,  xend;
/*  I n i t i a l i s e  * /
tsw = 100; /*  sweep-up a t 100 years * /
xsw = log lO (tsw );
UO = 10000; /*  i n i t i a l  e j e c t a  v e lo c i t y  in  km/s */  
BO = 100; /*  i n i t i a l  am plified  f i e l d  in  nT */
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/*  Open output f i l e  * /  
fp=fopen(" b 3 .d a t" ,"w");
/*  Read in  parameters * /
p r in tf(" E n ter  value for  loglO i n i t i a l  time: \n");  
scanf("% lf", & x sta r t);
pr in tf("E nter  value fo r  loglO end time: \n " ) ; 
scanf ("4/tl f  ", fexend);
p r in tf(" E n ter  value fo r  loglO i n i t i a l  energy ( in  eV ): \n " ) ; 
scanf("% lf", & y sta r t);
p r in t f (" In te g r a t in g  from %g to  %g; y s ta r t  %g\n", x s t a r t ,  xend, y s t a r t ) ;
rkdumb(ystart, x s ta r t ,  xend, n s t e p ) ;
f c l o s e ( f p ) ; 
return 0;
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